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PREFACE 


In the picpaiation of this monogiapli, Electricity and 
Magnetism, deductive inethods Jiave been used as far as 
possible In gcneial, the appeal is made to leason, though 
in some cases cxpeiimental lesults have to be used as 
authoi itative ; then theie aie sweeping generalizations 
which cannot be avoided. Thus the book is rigoious, 

I hope, in that what is done is cleaily stated. 

Vcctoi methods aic used exclusively, with the excep- 
tion of that poition of the last chaptei which ticats of 
special lelativity and its application to clcctncal theory. 
Even hcie, vector methods bung out the lesults much moie 
shaiply; but this would icquiic the development of a 
foul -dimensional vector analysis which would seem 
unnccessaiy and undcsiiablc hcic Couiscs in vector 
analysis aie given in most of oiu univeisities, in fact, in 
some of oui Eastern technical schools, it is a lequircd 
com sc foi the undeigiaduate elcctiical engineci , so the 
intioduction gives only a biief i6sum6 of the elements with 
the piincipal theoicms foi icady lefeicncc. 

This book should appeal to a vci y select class of readers, 
the physicist, the mathematician, and the clectiical engineer 
who wish to 01 lent themselves quickly in elcctiical theory. 
For students with vectoi analysis as a preicquisitc, this 
book should fuinish a thiec-houi com sc foi one semester. 
Without the picicqiiisite, it piobably would leqiiire thiee 
houis thioughout the ycai. In this case, Icctuies, reading 
assignments on the text, and a development of the vector 
analysis when needed could be one method of procedure. 
The book could be used foi a course m vcctoi analysis with 
applications; it should be mspiiiiig foi the student under 
competent guidance to woik out the details of the intro- 
ductoiy chapter, 
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PREFACE 


In general, the professional electrical engineer is grad- 
uated without being able to read electrical thcoiy. This 
is a deplorable situation , the theory of electi icity cci tainly 
should not be a closed book to the good clecti ical engineer. 
It would seem feasible to coriect this state of affaiis by a 
one-hour course through the year foi jiinioi and senioi 
electrical students; this course might consist of a one- 
hour informal lecture on the text and one houi foi pioblems 
and discussions, with no further lequired outside woik, 
This would not cover the material in the text, but enough 
could be done to arouse an interest and fiunisli the picpaia- 
tion for subsequent individual study. The pioblems at 
the end of the first four chapters aie not at all difiicult, 
but they are illustrative, then purpose is primarily to 
arouse a critical attitude towards the text. 


Maxwell, in his theory, prophesied the discovciy of 
electromagnetic waves, the prophecy was confiimed by 
Hertz m his own laboratory One occasionally hears it 
stated that there is no ether and there are no waves. 
This may be just a matter of definition oi terminology. 
All the ether has to do to qualify is to suppoit electi o- 
magnetic phenomena; if empty space does this, wc still 
ave the ether identified with empty space. The ether is 
useful m describing electromagnetic phenomena, and it 
furnishes a useful mechanical language, this is enough to 
hypothesis Waves are not going out of style; 
he de Broglie suggestion that waves accompany and govern 
every moving particle is the point of view of modern 
quantum mechanical theory, while light phenomena point 
conclusively to the dual property of a corpuscular wave 
c aracter with the same de Broglie significance. Then 
every electromagnetic disturbance in free space is a periodic 
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physical ideas. The Amp^ie-Maxwell point of view is to 
iiicoipoialc into the theory obscivable ineasuiable quan- 
tities, and this is the Heisenbeig-Schrodingei-Diiac view- 
point This is piobably one leason why classical elec- 
tiodyiiamics has peisisted undci the ban age of modern 
physics. In the thcoiy of the nature of magnetism, 
physicists aie looking at the atom niici oscopically, and 
some moie oi less satisfactoiy theoiics have evolved. 
No attempt has been made heie to tieat this subject, the 
natuie of the book would baldly permit it. This mono- 
giaph is in no way intended as a treatise, but lathei as a 
path through the subject of elcctiical thcoiy. Accoiding 
to the obseivation of one of the lefeices, it should be a “big 
time-savci .” 

In the picpaiation of the nianusciipt, it has been 
nccessaiy to consult many hooks and even many oiiginal 
papers, an adequate, though incomplete, bibliogiaphy is 
appended. I am, of com sc, indebted to many woikcis, 
piobably to Maxwell most of all. I take this opportunity 
to express my appreciation to Professor G. Y. Rainisch, 
who lead a large part of the manuscript, for his suggestion 
that I icwiite the portion on special relativity, which I did 
with considerable self-satisfaction and to Professor W. W. 
Denton, who has carefully read all the proofs. 

Vincent C. Poor. 


Feb 19, 1931 
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ELECTRICITY AND MAGNETISM 

INTRODUCTION 

VECTOR ANALYSIS 


1. Vector Algebra. — In the clecliomagnetic theory two 
kinds of quantities arise scalais, which aie known to the 
student of algebra, and vcctois. The vcctoi is a geo- 
nietiic line having magnitude, diiection, and sense. Cer- 
tain physical quantities aiising will be iiiterpieted as 
vectors, so for these quantities the folloAving analysis will 
be applicable Claicndon type will be used foi vectors, 
and othei notations cm lent in the United Slates will be 
introduced as needed. 

From the parallelogi am law we may obtain the com- 
mutative and associative laws for vectois 


( 1 ) 


a -h 6 = b + fl 
(fl + 6) + c — a + (& + c)* 

We also define two kinds of pioducts, the scalar product 
and the vectoi pioduct, i espcctively, by the equations* 
a h = \a\\b\ cos (a, 6) 

fl X & = l|a l&l sin (a, b)n 


and 


( 2 ) 


where n is a unit vectoi peipendicular to the vectors a 
and b so chosen that n, a and b in this cyclic oiclei foim a 
right-handed set. Thus the dot oi the cross placed between 
two vcctoi s indicates, respectively, the scalar or the vector 
product of those vectors. 

If we introduce a rectangular coordinate system so 
chosen that i,j, k form a light-handed set of unit vectors 
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along o-v:, oy, and oz, and if the notation a*, a*, be used 

for the projections of the vectoi a on the vectois i, y, k, 
respectively, then 

fl = dxi O' y J O'sk 

Q ' b O'xhx d" O-J^y “h 

and ( 3 ) 

fl X h = (0^)3 Oiby')i “h 

{a^bx - aJ)3}j + {aj)y ~ Oyb^k 

which may be easily verified fiom the definitions (2) Also 
from these definitions the following di&tiibutive and com- 
mutative laws may be deduced. 

ab-\-ac 

oX(h + c) = axfi + aXc 
a b = b a 
aX b b X a 

Xhe scalar and vector tuple pioducts and also the 
scalar quadruple products aic meie applications ol (2) 
and (4) , they are, respectively, 

a X b c = a bXc=~~bXO'C, etc. 

(a X b) X c ~ a cb ~ b ca (S) 

(a X 6) (c X d) = (a c)(b d) - (b>c)(a d) 

The first of (5) is the volume of the parallelopiped formed 
by the three vectors 

One other important algebraic form expresses the fact 
that every vector d may be expressed hneaily in terms of 
three arbitrary noncomplanar vectors, explicitly, 

(a X 6 c)d = {b X c*d)a + (c X a d)b + (a X b>d)c 
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VECTOR CALCULUS 

2. The Differential. — In the study of scalar and 
vectoi point functions oi functions of a paiametei, the 
vectoi calculus natiually auses The dij[}ereniial of a 
function, scalar oi vector, may be given by the definition; 

^ Limit + hdt) - f(t) ^ 
h — > 0 h 

If / is a scalai paiametei , a division by dl gives the oiclinaiy 
difleiential quotient of the function. If t is the point P 
01 the ladius vectoi r the same definition furnishes the 
differential of the function. If we wiite 

r -0 

wheie the point 0 is an aibitiaiily chosen oiigin, then by 
dP we mean an aibitiaiy displacement of the point P, 
a vectoi, so that 

dr = (P - O) + hdP ~(P-0) ^ 

0 h 

follows diiectly fiom oui definition Refcired to lect- 
angulai caitcsian cooidinatcs, since r — xi yj -{• zk 

dr— dP = dxi 4 - dyj -|- dzk, ( 7 ) 

We will use indisci iminately dr, dP, 5P, or some such 
symbol, to mean the aibitiaiy displacement of a point 
From the above impoitant definition the following 
theorems may easily be piovcd 

(a) dcu « cdu 

{b) dd>u = (fxlu -h ud(f) 

(c) d{u V + w) ~ du dv 4* dw ^ (8) 

(d) d{U'v) ^ u dv V du : 

{e) d{u X v) ~ uX dv {du)X v. . 
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Greek letters will be used, in geneial, as scalar functions, 
as in (86). 

Certain indefinite integration foimulae may be directly 
deduced from these, among which 



du 



( 9 ) 


is probably the most fiequently used 

3. Flux and Flow. — ^There aie two definite integrals 
which are of fundamental importance The flux integral 


X 


u nda 


where u is a vector point function and /? is a unit vector 
normal to the surface element dcr. Since u ♦ n is the pi o- 
jection of the vector u on the normal to the suifacc ele- 
ment, it is a scalar, so the integral is an ordinal y surface 
integral taken over the surface o'. This integral is fre- 
quently referred to as the flux of the vector u thiough the 
surface If u is the velocity of a liquid, the flux integral 
furnishes the quantity of liquid crossing the suifacc per 
unit time if the density is unity. In our cooidinatc system 
the vector 


so that 


dan ~ dydzi -\- dzdxj -|- dxdyk 

Ju'nd„ =J'uJydz + X ii^zdx J’ujdxdy, 


or the flux integral breaks up into the sum of three integrals 
taken over the projected areas in the coordinate planes. 
The flow integral 



where the displacement dr is taken along the curve c, is a 
line integral along a curve. If coordinates are introduced 
It IS reducible to three line integrals along the coordinate 
axes, or 


^ It 'dr — Uxdx T* u^/dy -j- u^z. 
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If the vcctoi u defines a field of force, the flow integral is 
then the work done by the force in moving a mass along 
the cuive. If the ciiiwe c is a closed contour the flow 
integral is called the cii dilation 

These integials, of couise, imply ceitain integrability 
conditions on the functions, and lestiictions on the surface 
a and the cuive c 

4« Grad div u, curl u. — ^The gradient of a scalar point 
function 0 may be defined by the equation 

(1^ == glad dr (10) 

and since 

d<ti = ^dx -h ^dy + ^dz 
dx dy dz 


grad </> = 


dx a/ ^ dz 


k. 


Thus grad (jiisn vectoi normal to the equipotential surface 
cj) = c. Its modulus is the squaie loot of the sum of the 
squares of the paitial deiivatives of d>> If the “ nabla ” 
opeiatoi 





be introduced, we may wiite symbolically 


giad 0 = 


The divergence of a vectoi , u, written div u, may be 
defined by the equation 


T , \ u ndff 
Limit J 

T — > 0 T 


div u. 


( 11 ) 


The iiumeratoi is the flux intcgial ovei the closed surface a 
bounding the legion r, the suiface is conti acted about a 
point P in r, giving in the limit the divergence of the vector 
u at the point P. Out of the definition (11) Gauss’s 
theorem, the flux divergence theorem follows* 


1) 
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AssonaU'd with (*vt‘iy s(alat hold is a cloiivod 

vortoi lu'ld, Liu* k‘Adu*ut of iho soalai poiul fundicm, 
Assoiiatod with (‘\oiy vci'toi liold Liuno uic two doiivod 
fields, llu* sialai (leld of the diveikvnee of the vi'ctot, tine! 
the vectoi lield, the (uil of llu* v<‘(toi. 

By iishiK (ooidinati's, the nahla opeiatoi, oi some othei 
scheme, tlu* lollowiii}* s<'ts ol theoiems nuiy lie piovecl: 

Kiad < 0 I 

diva 0 ^ (J5) 

(’uil n 0 . 

wheit' ( and a ait* etmslanls; 

kiad («/) d glad </> d Roid ^ 

div (w d y) " tliv u -\ div v 

(niil(i/d-y) " ciiil u d" cuil y 

kia(dt/» "’/kiadf/j 

tlivtu ^ div w 

cm I (U ^ t cml u 

(a) div 01/ - 0divi/d u-Kiad 0 

(//) (Uil 01/ 0 cuil u - 1/ X «iad 0 (J 7 ) 

(c) div u X y u-curl w — u*cLirI v. 

5 . Gfoon’s Theorem. By Hiilwtilulinj^ 0 kiatl 0 for u 
in (‘rauHs’s thfouMU (12), we will ohttiiii the fust foini of 
Cheoirs tlieoiem 



gtad 0 'grad ypdr (t 8 ) 

where the Bymhol, A * ■ div grad which also may l)e wiitlcii 
aB 

y.y ya ^ , .u 


the Laplatdaii oi)eiator. 1 'he hccoikI form of Cjiccn’a 
thcoiem may 1)0 deduced fiom the luHt by iutci changing 
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the oulMlandiiiK Uicohmun n( .uialv-’O* 
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the operator 
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in lectangular cooidinates, one will obtain tin laiplauan 
opeiator, which is the eooidinale foim foi A. d IniN i«no 
may Iccep oi diop the MUpeiseiipl ad hfntuia, th if llu at 
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unit vector without afTecling the generulity tif (ilk (hm 
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CHAPTER I 


ELECTROSTATICS 

1. Introductory. — ^Tlie subject of physics has been 
revolutionized duiing the past twenty- five years, New- 
tonian mechanics has become a first appioximation in the 
light of the Einstein Relativity Theoiy. This is also tiue 
of classical electiodynamics 

Though we still tiy to inteipiet electiicity and eicctilcal 
phenomena in a mechanical way hypotheses of “quanta” 
have entered clectrodynamic theory thiough radiation 
phenomena, which are elcctiomagnctic in chaiactcr. The 
“one fluid” and the “two fluid” thcoiics of electiicity 
have been supplanted by the atomistic theoiy Even the 
“field” theoiy of Faiaday and Maxwell which displaced 
the “action at a distance” theoiy has ceased to be so 
important. In fact, physicists aie investigating now the 
1 elation of electiicity to mattei instead of properties of 
electiicity as foimeily. 

Physical cxpciimcnts of icccnt years point conclusively 
to the fact that electiicity is atomistic in stiuctuic. The 
election, a negatively chaiged coipusclc, of which all 
othei chaiges aic intcgial multiples, has been isolated and 
its chaige dctei mined. The election is believed to be a 
puiely cicctionic chaige possessing incitia, but entirely 
dissociated fiom mattci. Its mass at rest is roughly one- 
cightcen hundicdth that of the hydiogen atom, the light- 
est known atom. Stiange to say, this mass, which we 
shall teim its electromagnetic mass, is a function of its 
velocity and inci eases without limit as its velocity 
approaches the velocity of light 

On the other hand, the positively charged particle is 
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atomistic in size and its charge has nevei been clissociaLed 
from matter, its mass is many times that of the election. 
We will adopt the term proion foi the paiticlc atomistic in 
size which carries a positive charge equal to the chaigc on 
the electron, to single it out from the ton which may be a 
positively or a negatively chaiged atom, group of atoms 
or molecules 

The cathode rays, the canal rays and the rays emitted by 
radtoaciive substances like uianium and ladium aic in 
general electrically charged particles called a and pai- 
ticles. The former, constituting the canal rays, at e thi ough 
spectroscopy known to be helium atoms each cai lying a 
positive charge 2 e where — e is the chaige on the election. 
The /9 and 7 rays constitute the cathode rays; the /S 
particles are electrons while the 7 rays arc ether waves. 
The velocities with which the pai tides aic ejected by some 
of the radioactive substances and the extremely slow 
chemical change in the substance indicate an enoimous 
amount of energy stored up in the atom. The vclociticb 
of the more ponderable a pai tides aie 1 datively small 
when compared with the velocities of the elections, which 
in some cases move with velocities approaching that of 
light 

The results of electrolysis, the phenomena of radio- 
activity and spectroscopic analysis point to the conclu- 
sion that the atoms of all matter are each made up of a 
ponderable proton or positively chaigcd nucleus, aiound 
which in their respective orbits move a suflicient numbci 
of electrons to make the atom electrically neutral. Using 
the Rutherford atom which pictures the atom as such a 
planetary system, Niels Bohr has constructed a periodic 
table of the ninety odd elements. The numbei of 
natural unit charges, e, on the nucleus is just equal to the 
number of the element in the periodic table. This number 
is called the “atomic number” of the element. The first 
element is hydrogen, with a single unit charge, e, on the 
nucleus and one electron, the second is helium with a 
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chaige, 2e, on the iiucleu&, and in its noimal slate with two 
elections foiming its planetaiy system. Each element has 
a chaiacteustic Rdntgen oi X-iay spectium which dis- 
tinguishes it fiom the othci elements. 

2. The Distribution of Electric Charge. — It may be 
convenient at times to considci an electuc chaige as a 
point chaige, just as in mechanics we use the idea of a 
mass point. This point chaige may include many elec- 
tions and protons or just a single election. On the other 
hand, we may wish to chaiacteiize the distiibution of the 
electionic chaige; we might then conceive the election as 
occupying a small volume with clcctiic volume density p, 
a continuous point function of the icgion occupied by the 
electron. The total chai ge e would then be given by the 
integial 



taken thioughout the volume of the election. To avoid 
discontinuities, we might assume a tiansition layer at the 
surface whcie p decreases lapidly to zeio; the electric 
chaige would thus appeal only as a modification of the 
ether, a substance which we will chaiacteiize only as per- 
vading all space and capable of suppoiting electiic phe- 
nomena. 

Had we considered the electionic chaige to be dls- 
tiibuted over the suiface of the electron with surface 
density o then the integial 



extended ovei the surface of the election would fuinish the 
chaige, the volume density p being zero in the interioi 
would imply the existence of ether, oi as we may term it, 
fice space in the inteiioi of the electron. 

In electro-statics, we shall use the idea of the discreet 
charge and frequently we shall resort to the idea of a con- 
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tinuous distribution of chaige, leplacing the actual clectilc 
density by its average value Because of the coaiscness 
of our measuring insti uments, the effects of laigc numbeis 
of ions only are measuiable 

To atiive at the idea of avciage values, we divide a 
region up into elements, macioscopically small, so small 
that the distribution of chaige as measiucd by any nieasui- 
ing inurnment would appear unifoim, then the avciage 
value / of eveiy function / ovei the icgion r is defined by 
the equation 



/ being a scalar or vectoi point function. 
The average density p then becomes 



where p is the variable density of electiifi cation, being 
zero in free space as previously noted. If iV^ is the number 
of positive unit chaiges e in r and n the numbci of elections 
this definition gives 

(iV — n)e 

P - . 

r 

For matter in its normal slate N = n so that p is zcio 
for ordinary matter. We shall use p foi the avciage 
density unless there is ambiguity, then we shall use p 

3. Priestley’s Law. — Wq have discriminated between 
two kinds of electricity by positive and negative signs, 
This distinction is not just a mattei of sign, but as has been 
noted, it is qualitative as well. 

It has been known for a long time that electi ification 
can be produced by friction, possibly by nibbing an ebonite 
rod with a woolen cloth Equal amounts of each kind of 

K / -were a function of the time and dr a time interval, this equation 
would serve as a definition for time averages. 
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electiicity wHI be pioduced, a positive charge on the cloth 
and a negative chaige on the ebonite rod 

That like chaigcs icpel and iinhkc chaiges attiact each 
othci is a fact dctci mined by a voiy simple cxpciinicnt 
Experiments also point to the conclusion that this force 
mutually excited by chaigcd bodies on each othci is a 
Newtoman foicc. To foimulatc the law exactly, we conceive 
of two point chaigcs and ^ at a distance r apait then: 

The force acts tn the tine joimug the particles with a 
magnitnde proportional to the pioduct of the charges and the 
mversc sg^uaie of their distance apart. 

This is Piicstlcy’s law if named foi its hist discoverer.*'* 
If we wiite F for the foicc excited by qi on q wc may 
formulate the law mathematically by the equation 




( 3 . 1 ) 


wheie “ is a uni t vectoi lying m the line j oin ing the chaigcs 

and diiected away fiom the chaige q\\ the piopoitionality 
factoi , A , depends on the units in tei ms of which F, r, qi 
and 2 aic mcasuicd. The law as formulated makes the 
lepulsivc foicc positive and the at ti active foicc negative; 
the sense is taken caie of automatically by the signs of the 
chaigcs. The foice, F, so chosen has the diicction and 
sense in which a positive chaige will be diivon. 

The chaigcs, qi and q, arc made up of clectionic charges 
rbe. If Ni and iVaic the numbci of positive unit chaiges, 
e, and m and n the number of elcclions in qi and g, icspcc- 
tivcly, then 

gi<y _ (A^i — )n)(N — n)e'^ 


N,N fiiu- Nin -mN ^ 

= ^ ^ 2 , 

* WhiLlalvCi ‘'Ilisloiy of llicThcoiyof thcEllici and Electricity.*' 1910, 
pp 50, 56. 0 W. Ricluirtbon . "The Electron I'heoiy of Matter," 1914, 
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We see that the lesultant force is due to the mutual 
repulsions of Ni and N positive unit chaiges ih and n 
electrons and the mutual atti actions of Ni and n, and iii 
and N oppositely charged unit pai tides, as we should 
expect 

For a system of n point chaiges Pnestley’s law takes 
the form 


F 


1=1 


ri^ 


Tt 

rt 


ft being the distance from the chaige q^i to the chaigc q. 
The force F is the lesultant of the forces due to the ?/ 
charges acting on q For a distribution of charge with 
continuous volume density p, an exact foi mulation of this 
law may be made through the fundamental law of the 
integral calculus 

4 The Common Electrostatic Unit Charge. — Besides 
the natural unit charge carried by the election wc will 
adopt a common electrostatic unit chaige to simplify 
some of the formulae If the centimeter is taken as unit 
length and the dyne as unit force, then we may define unit 
charge as tJiat charge whtch repels a like charge al it nil 
distance %n vacuo with a force of 1 dyne. The system of 
units based on this definition of unit charge is the Common 
Electrostatic System, abbreviated (c, e. s,) , unless otherwise 
stated, we shall use this system. The rational electio- 
static system which is sometimes used defines the unit 
charge in a similar way, but the like charges to be unit 

charges must repel with a force equal to dynes. 

47r 

In our chosen system, Priestley’s law for free space 
becomes 


F 

ri Y 


(4.1) 


for the charge ji, acting on the charge 
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5. Tho Electric Field Intunaity. If F is the foKo 
.u liiiK OK a rhaiKt'i </> kI a pniitl, /^ the ociuation 

F qE (5.1) 


ch'l'iucs a iK'W ve(‘liir, E, a foiK* inlcnsity soiiK'Liiiios (.illed 
llu* th'ilru rolliNty, Iml auiMl pioiMsly called tlu' 

i'U'ifiu Ditrusilv. 1 1 has llu* dins lion and sc'nsi* of lli(‘ 
V(M hu F 'llic liilc'Usiiv E ioicr pei iinil chaise is 
iuth‘pciulciit 1)1 ihc )hatpi* </, hul <lc|KMids on the ijosilioii 
of ih(‘ i^oinl /\tiid lIuMiisttihnlion of clc( li ili( alion. h'or 
I hi* point { liaiKc tft, ci|nalion (I 1) loi fur spaa* gives 



I IpIiI (if iIh M( I (run 


E *■ (5.2) 

/“ r 



1 1<. I 


as the inlensiiy al the point IK If the duuge (}\ is an 
ehrtron, tin* (leld of the \eiloi E will he a ladinl hehl, 
with the sense of the \et loi E nlwiiys towards the election. 
If f/i is u pillion, the held of the intensity will again ho a 
radial liehi. '1 he \ertor lines of ihe vector F, tho llnoH of 
eleclnc inleiisily, will he the half rays diiected away fiom 
llu* pioloii (Fig* Ih Ih’ie, as always, the* iKisilivc 
Hoiifle of the intensity F, like that (d ihe fotre F, is the 
Hense in whiih a i»osilive cluuge would Ik* diivon. 
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The lines of intensity are in general not so simple, they 
may be any whatever, depending on tlie distiibution of 
electrification. Whatevei this disti ibution of chai go, equa- 
tion (5.1) defines an electiic intensity, E, which chaiactei- 
izes the force F in such a way that if a chaige q be bi ought 
into the field without distuibing the field, the foicc F will 
be given by equation (5.1) If we draw the totality of 
vector lines of the vector E thiough the boundaiy of tho 
surface clement <f(r, we will obtain an elemental y tube of 
intensity; the intensity E is tangent at eveiy point of the 
lateral suiface The whole field of intensity may be 
mapped out by such tubes. 

Sill rounding every electiic charge, thcie is a peculiar 
condition characterized by the vcctoi E^ oi the lines of 
intensity It is difficult to conceive of a change in state 
of empty space hence the ethei hypothesis We may 
then make the concept concrete as a stiamed state of tlie 
ether surrounding the charge Piiestley’s law furnishes 
the basis for the “ action at a distance ” hypothesis, but 
most people, like Faraday, prefer the ether hypothesis for 
interpietation purposes 

6. The Electrostatic Potential is a scalar point func- 
tion, the negative gradient of which is the electric intensity 
^ ^ This potential function, which we designate by 0, 
evidently depends on the disti ibution of charge. We shall 
shoAv that for the point charge qi, in free space, 



Y being the distance from the point Mi, where qi is situated, 
to some arbitrary point P.* The equipotential or level 
surfaces 


(f> ~ c 

* In rectangular cartesian coordinates 


r - Ji:)8 + (y, -- y)2 -I- (3, - z) 
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are conccnLiic bphcics with ccntcis at the point Mi, the 
normal dciivativc will thus be the deiivative in the r 
direction, oi 


— gi ad 0 = ~ 


iiV = ?i ^ 
^Ir r Jr r 


( 6 . 1 ) 


which agrees with equation (5 2) , thus 0 satisfies the above 
definition foi a potential function 
The function 



would have seivcd just as well, since its negative giadient 
also gives the intensity E. But by assigning a paiticulai 
value to the constant c, any whatevci , then and only then, 
can Avc speak of the potential at a point. We have chosen 
c so that the potential ^ vanishes at infinity; this makes c 

identically zcio, and <f> ~ ~ the Newtonian potential 

function. 

Foi two point chaiges, qi and q2, situated at points Mt 
and M2, lespectivcly, at distances n and 12 fioni the point 
P, tlic potential at the jioint P will be the sum of the poten- 
tials of each chaigc taken scpaiately, 01 

0 ^ ^ 

1 1 r2 


This follows fioni the fact that the sum of the intensities 
El and E2 at the point P, due to the chaiges qi and 32, 
1 cspcctively, is the icsultant intensity E, and that the 
giacUent of a sum is the sum of the giadicnts; thus 

—glad 0 — — giad — giad 

which is identically 

E == El -1- E2 

the level sui faces 

= Cl, — C2 

being again conccntiic sphcies, ccnteis Mi and M2, respec- 
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tively. Since this same aigumeni applies to n point 
charges, we have foi the potential at some point, P, clue 
to the n chaiges 


* - S 

i-1 


being the distance fiom the point P to the point i¥., 
wheie the point charge g, is situated 

It may be obseived that this lesult and the aigunient is 
true whatevei the law of force 

For a distribution of chaige with a continuous volume 
ensity p, we replace qi by p4t, and pass to the limit 
which, according to the fundamental law of the internal 
calculus, gives 


= 



( 6 . 2 ) 


The negative gradient of this function is the electric 
intensity B due to the continuous distiibution of charge, 
Since the equation 

P = - grad 0 (6.3) 

hol^ when 0 is detei mined by n elements whatever the n 
the general form will evidently be 


( 6 . 4 ) 

if a surface distribution of charge be included. The dis- 
ance r from the element dr at a point M to the point P is 
a tunctmn of the two points M and P Since M is the 
point of integration the potential depends on the dis- 

P alonr a function of the point 

The surface density is not just a mathematical fiction; 
but It IS the density of a real continuous suiface distiibu- 
tion of^ electricity, as far as can be determined by our 
measuring instruments. To define it more carefully as 
Maxwell does, we assume a stratum or surface layer of 
electric volume density p, thickness v, then let p increase 
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without limit as v appi caches ycio in such a way that the 
piocluct vp leinaiiis finite The limit of vp as p appioaches 
/CIO IS the sill face density, 

Foi points P extciioi to the charged body, the potential 
and all of its dciivativcs aic continuous single valued 
functions of the point P But foi points intciioi to the 
volume disLiibution of elcctrilication, the integrand of the 

intcgial, becomes infinite to the liist degree when 

the point of intcgiation coincides with the point P, yet 
this integial, its giadient, and the divoigcncc of its giadient 
aic conveigcnt mtcguils at such points. 

The last and least likely case is ticated in Ait. 11, where 
it is shown that 


“ — 4:Trp, 


Thus A<^ is discontinuous where p is discontinuous. 

To piovc the conveigcnce of ^ at a point P of the 
chaigcd medium, we divide r into n and to, where ro is the 
volume of a small sphcie, ladius, a, center at P. Then 



The intcgial ovci n and its giadient aie evidently con- 
veigcnt, since the point M of integration never coincides 
with the point P. In the integral ovci ro we take the 
volume element dr, equal to 47rr^(lr. This integial then 
becomes 

4r J' prdr 

and it is a pioper intcgial. Hence ^ is a conveigcnt 
integral. The pi oof that giad <j!> is a conveigcnt intcgial 
will be left as an cxciclsc. 

If we use r foi the ladius vccLoi, and the dot (•) to 
indicate the scalat pioduct of two vectors, then from the 
equation 


d(l> *= glad <()‘dr 
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which defines grad <j&, we can obtain another form for the 
electric potential function 4. Since E = - grad A vve 
Will have 




E dr 


or 




J giad 0 dr 


- Cd<l> 

JPo 


B dr 


where the integration is to be taken along some path fiom 
the point P„ to the point P. But fioin this lesult we see 
that the line integral is independent of the path of integia- 
1011; It depends on the terminal points only; it is theie- 
fore a scalar point function. This line integial is called 
the eleclronwUve force, or for static fields, the voltage, 
difference of potenhal, or the fall of potential between the 
points P and Po. To completely identify the function 0 , 
we may impose the condition that it vanish at infinity 
This will be equivalent to taking P„ at infinity, then 
vanishes and we have 


0 




as the potential at the point P 
some point in finite space, being 


^ dr (6 5 ) 

The potential at Po, 


00 = - J" 

we have the difference 

0-0o=_r^^j._l_ 

which, upon interchanging the limits of the last integial 
reduces to the original form ^ ’ 

0 — 00 =a — I £ 

Jpt, 

for the difference of potential 
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If a fiec positive cliaige would be driven fioin the level 
smface thioiigh P to the level suifacc through Pq, then P 
IS said to be of highei potential than Po, oi ^ — <^o actually 
icpresents a fall of potential. Positive charges are always 
driven from !)oi}ils of higher to points of lower potential 
Since qE lepicscnts foice, the intcgial in equation (6.5) 
lepiescnts the negative of the woik done in tianspoiting a 
unit chaige fioin infinity to the point P, Thib fact will be 
seen to be moie significant in the next article. 

7, The Potential Energy of a Charge in an Electric 
Field. — ^Suppose a paiticle of mass in and cliaige q is 
acted on by a system of clcctiically charged bodies with a 
foice F, the equation of motion of the paiticle is then 

mr == F. (7.1) 

If we multiply this equation scalaily by irdt wc will have 

mr rdt = F>dr, 


Upon integiating this equation fiom / = to / = 
legal ding m as constant, wc get 

Imit^ ~ lmr\ = j F«dr. (7.2) 

The left member of the equation is the dilTctcnce of the 
kinetic cneigies of the paiticle at the times I and /<>, while 
the light member, a line intcgial, is the woik done in tians- 
poiting m fiom a ccitain position Po, at the time k, to a 
final position P at the time t. If the foice F is independ- 
ent of the time and equal to the negative giadicnt of a 
scalai point function W, the light member of (7 2) Ijccomcs 

- fgiad W dr V'dW ^ Wo - W, (7.3) 
Jl'o Jp<i 

In this case the line intcgial 

Cf dr 

IS independent of the path, depending only on the initial 
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and final positions of the paiticic The function W is 
called the potential eneigy of the paiticic. The potential 
energy is thus seen to be a function of position. If we 
call the kinetic eneigy T at the time t, and To at the time 
^ 0 , we shall have 

r - n = TTo ~ W; 

or 

r + IT = To -h ITo 

that IS, the total energy is consei ved thioughout the motion. 
The system of forces acting is thus called a conservative 
system It is always so that when such a potential eneigy 
function exists for the applied forces, the system of foices 
IS conservative. If we write fiom equation (7.3) 

W \F>dr + TTo 

we see that we may define the potential eneigy of the 
particle as the negative of the work done by the forces in some 
arbitrary displacement. We can make the potential eneigy 
unique by determining it fiom a standaid state. If as in, 
the potential function ‘we take infinity as the position of 
zero potential energy, Po will be a point at infinity, and 
Wo will be zero, so that 

W = - Cp^dr 

satisfies these conditions. VVe may now define the poten- 
la energy of the particle as the negative of the ivotk done by 
forces itt displacing the particle from iiifimty to the point 
P, the work being independent of the path. Also, since 

F = qE 

W = fE-dr. 

But the potential 





therefore 


(7.4) 
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Thus the potential cncigy of the paiticic of mass w, chaigc 
at a point P, due to a system of chaigcd bodies, is the 
chaigc g, multiplied by the potential at the point P, due 
to those chaiges — a vciy convenient icsult. 

8 . The Mutual Potential Energy of an Electric Field.— 
lo obtain the total potential cneigy due to n elcctiically 
chaigcd pai tides, we would have to compute the negative 
of the woik done in tianspoiting the system of pai tides 
tiom a state of infinite dispcision at iniinity along some 
set of paths to then final position Wc will call the 
potential function due to the thaige q,, and its poten- 
tial encigy in Its final position P, due to the othci pai tides 
in the held w. We will then bi mg the chaiges up in ordei 
as numbeied Fiist the potential encigy wi of the chaigc 
^1 in Its final position will be /eio, since theie aie no chaiges 

in the field and the foice acting is thciefoie zeio. The 
energy 

accoiding to the last aiticlc, wheie is the potential 
due to the charge ji. The potential cncigy 

wa = < 7 , ( 0 ( 1 ) T 0 ( 3 )) 

since the potential function at the point Pj is the sum of 

charges qi and jo, icspectively. 

wi = T + 0(3)) 
and foi the gcncial law we will evidently have 

( 8 . 1 ) 

K 1 

with the condition that w, is zcio. U now wc icvcise the 
oidci 111 which the pai ticle.s woic liioiight up fioin infinitv 
we will have fust 

Wn = 0 

“h + 0<'*~3)) 
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an<( Uh* Koni‘hi( Uu will aKaiit In* t \i«|ritf, nr 


n 



i-n I 




with llif nnulilinti (li.il «(•„ U Wi* will Mlu.nn Iwm ihr 
total jHiUiilial riioiMV I'.V MiuiitniiK h .iiid wjdi 

respt'Cl Uij fiom 1 in n, juai .u(»1ihk. iIui* 



iH i) 

i > 

wheie <l>j m Ihc mini of ilu* polonil.ilrt al llir {Hunt ilua 
to all chaiKcs fvn'piin^ ila* tliaim* ^iu tin* iwaiitiial * 
docH not ajipi'ar in tin* last painiihr-^i 

luiimtifin (8.d) Ih iIumi ilta intal nr nmiii.il [iniiMKial 
oniMt^y of ilu* HyttU'in of n partii liw. 

io ohtaiii (ho mutual poloiitial oiuijjy nl a iniifiiiuniH 
volume diKti ibution of oliTlitlitMiimt nf tloiHily vir'o 
loplaoo (// by p/Zr and pai4H in ihr limit; U|tULlinn (H J) 
thou bcconioa 



where 0 is the poloniml at llio point ,\f of dm olrminu tit, 
due to all iho clmigos oxoopthiK iho rharK«* nf dio tdntu-iu 
ar. If a Hiitfaco dibUilmiinn n( mirfau* fh*ii»it\ w !«• 
included, the mutual potontial riioii{;y ovuItMilly i'l tlioii 



whore according lo the noUiiinn ih,. nrai intcKr.il will Ih- 
laken lliimigiioiit all charged vnhitiicH and (hr Mninid 
mlegral ovci all aurfacc di«lriliiiii(„w of l•ll•clricily. U 
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may be obscived again that the result heic obtained for 
the mutual potential cnei gy is independent of the law of 
foicc, It is implied, liowcvei, that theic exists a potential 
cneigy function foi the foices which vanishes at infinity. 

9. Induced Electrification. — Expeiimcnts made by 
Faiaday and lepeatcd by Cavendish and Maxwell point 
conclusively to the fact that an clectiic chaigc cannot 
peisist on the intciioi of a conductoi ; in fact, this state- 
ment may be taken as the definition foi a conductor of 
electiicity. The statement that an clectiic chaige cannot 
peisist on the inteiioi of a conductoi, though paiadoxical, 
only selves to emphasize the fact that we aie using average 
values, that our mcasuiing instiumcnls aie not capable 
of analyzing the atom. We aie only inteicsted in an 
excess of electiicity in a macioscopic clement, one con- 
taining many atoms oi molecules. 

If a positively chaigcd body be suspended by some 
insulating matciial inside a hollow similaily msttlated or 
suspended conductoi, the innci suiface of the conductor 
will be chaigcd negatively, and the outer suiface positively. 
The conductoi in this case is said to be chaigcd by induc- 
tion; the induced chaigcs aic each quanUtatively equal 
to the chaige pioducing the excitation. Had the oiiginal 
charge been negative, the signs of the induced chaigcs 
would have been icveised. 

The phenomena of induction is easily explained on the 
electron thcoiy In this thcoiy, it is assumed that elec- 
trons aic piescnt in conductoi s in gicat numbeis, that 
many of them are free, oi so loosely bound to the positive 
nuclei of the atoms that they aic easily displaced by a very 
weak clectiic field. The elections aie only sufficient in 
number, of com sc, to make the macioscopic element of 
the conductoi clcctiically neutial. 

In the case undei considciation, the lines of intensity 
have theii souiccs in the charge pioducing the excitation 
and terminate in chaiges outside the body Under the 
Influence of this field of intensity which pcimcates the 
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conductor the free electrons are diawn lo its iniici suifacc 
until equilibrium is established, leaving an excess of 
positive charges on the outei suifacc The lines of inten- 
sity with sources in the induced positive chaige and tcinii- 
nating on the induced negative chaigc must then be just 
equal and opposite to the lines of intensity whose soui ces 
are the charges producing the excitation, otheiwlsc the 
electrons would not be in eqiuhbiium, Thus the lesultant 
intensity is everywhere zero in the interioi of the conduct- 
ing medium. 

We can use this result to show that the sin faces of a 
conductor are equipotential sui faces In the integial 

fPi 

02 — - — I E'dr 

Jp\ 


we can take P i and P2 in the same suiface of the conducLoi 
and the path of integration thiough the conducting medium. 
Accordingly, P is identically zeio at cveiy point of the 
path of mtegiation, hence 0i — 02, 01 0 is constant on the 
surface of the conductor This conclusion is also sti ength- 
ened by the facts that the charges on the suiface aie in 
equilibrium and that the fields of intensity inside and out- 
side a hollow conductor are entiiely independent of each 

other. Thus the lines of intensity terminate on the sui face 
ot a conductor, 

10. Gauss’s Electric Flux Theorem.~For a system of 
****^'^ following 

The flux of Ike electnc mtenstly B through a closed surface, 
0, due to any dtslrtbuHon of charge, q, mtlun the closed surface, 
ts equal to the charge, q, mulhphed by 47r 

We shall prove this theorem, first, for a point charge oj, 
feint Tnfjt ? ' • any 

a 

r 


<f> 
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and the electiic intensity 

E = — gi ad 

The flux of the intensity E thiough the suifacc o- will then 
be 

jE-nd. = (10 1 ) 

whcieO is the angle between r and n, the outci uiiitnoimal 
to the sill face a at the point P. If we simound the chaige 
gi by a sphcie of unit ladius, center at Mi, then the cone, 
apex at Mi and base d<T, will cut an aiea, dQ., out of the 
unit spheie, such that 

do. _ d(T cos 0 
I 

(Sec Fig 2 ) The aica di). so defined is called the sWlid 



angle of the cone, If we subbtitutc this in equation (10.1), 
we shall have 


^E'nd(f ^ - 47r<2i. 
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This result is independent of the position of the charge 
inside the surface Also, since the resultant intensity E, 
due to two or more point chaiges, is the sum of the com- 
ponent intensities due to the scpaiate chaiges, the flux of 
the intensity E, through the siiiface (r, due to a system of « 
point charges entirely within the sui face a, 'will be 


J E nd<T = 47 ry^gi 
- Irf 


For a continuous chaige distribution of density p wo 
replace by pti/r and take the limit of the sum as we have 
done before, so that 


^E'tida = pdr. 


(10 2 ) 


From this theorem we may easily deduce the corollai y 
that 

The flux of the intensity through the surface <r, due to a 
charge g2i outside the surface <r, is zero. 

For the flux of the intensity E2, due to the chaige <72 
through a surface o-', surrounding the chaige g2 and the 
surface a, is equal to 47rg2, according to the thcoiem just 
proved But if we regard g2 as lying m the i egion bounded 
by the two surfaces a and tr' then the flux of the intensity 
E2 through both surfaces is 47rg2. Hence, the flux thi ough 
the surface or of the intensity E2, due to the chaige ga, 
outside the surface, is zero VVe may thus state the gen- 
eral theorem that 

of the eleclnc intensity E, through a closed surface 
In l^etl ^ embedded 

Plied biZ', or'® 

Je ndo = in f pdr (10,3) 
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Equation (10.3) is ficquciitly icfcncd to as Gauss’s 
theorem; we shall call it Gauss's electnc jlux theorem to 
avoid confusing it with Gauss’s fliiK divcigence theorem. 

If we tiansfoini the left membei of equation (10.3) by 
Gauss’s thcoicm (12), we obtain the equation 


^ div Edr = ^ pdr. 


(10.4) 


Since this equation holds foi the element dr we have 


p = 


47r 


div E 


which cxpi esses the volume density p, in Icinis of the 
intensity E 

Had the clccti ification in t been a suiface disti ibiition 
on the suiface of a conductoi of suiface density w, equation 
(10.3) would have icad’ 


J E nda — 47r J coflftr 
a J at 


(10.5) 


wheie the first inlcgial is to be taken over any arbitiary 
suiface sunounding the chaigcs, while the integial in the 
right membci is to be taken over the chaigcd suiface. If 
we select foi oui surface, o-, one infinitesimally ncai to the 
charged conductoi, then the two integials in the limit will 
be extended ovei the same surface. To be consistent we 
should level se the sense of the noimal, n, taking the 
positive unit noimal towaids the intciioi of the conductoi, 
thus making it the outwaid noimal to the suiface bound- 
ing the field of the intensity. With this change in the 
sense of the unit noimal, equation (10,5) should lead 




E'lxdff 5= 4.7r 

r 

The volume integral 


J/' 


div Edr 



30 


ELECTROSTATICS 


in this case degenerates into a suiface intcgial ovci the 
charged surface and is equal to tlic nitegial 

over the same surface. 

Since Gauss’s theorem holds wliatevei the volume, we 
may apply all this argument to an elemental y tube of 
intensity of cross-sectional aiea dcr, and of infiiiitcbinial 
length, and extend the tube into the conductor. Since 
the intensity E is tangent to the tube, and zero in the 
interior of the conductor, equation (10 S) in the limit as 
the length of the tube approaches zeio, becomes 

-^E nda ~ Ai'Kiiida' 
or 



E n i 

““"17 =4 ;" sracl^. 


( 10 . 6 ) 


If we identify this with div Ef which in this case is also 
w, we would term -E n the surface divergence of E, wiitten 

briefly divs£, so that ^clivE and aie the 

volume and surface densities, i espectively, of electrifica- 
tion In the language of Hydrodynamics these aie the 
sources of the vector E, and the vector lines of the vcctor 
E are stream hues We thus see that the lines of intensity 
begin at a positive charge and terminate on a negative * 
one m finite space or at infinity 

When ive take up the study of dielectrics we shall see 
that -E n is only a special form for divs£ In fact 

tdner" f- ‘he surface of a 

and since 

grad <^, the intensity E is therefore normal to the 

surface, so that the surface density w is or 

47r ^47r ’ 

. . • -■ 
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according as the sense of the intensity agiees with that of 
the unit noi mal n, oi not 

11. The Equations of Laplace and Poisson. — ^Thc 
intensity E = — giad 0, thus the intensity is defined by 
the two equations 

-idivJ? = p, lotEsO. (Ill) 

Since the second of these two equations is identically 

satisfied by the giadient of a scalai point function, the two 
equations (111) i educe iiiimediately to the single equation 

div glad ~ 47rp 

01 

A0-~47rp (112) 

This is Poisson’s equation. Foi points wheie the density, 
p, is identically zeio, the potential, 0, satisfies Laplace’s 
equation 

= 0 ( 11 . 3 ) 

which is a special instance of Poisson’s equation. 

Equations (11.2) and (11,3) aic veiy impoitant; they 
aiise cveiywheie in mathematical physics, in the conduc- 
tion of heat, ladiation, the thcoiy of elasticity, hyclio- 
dynamics, and Newtonian atti actions. The potential 
function used in the development of eciuation (11,2) is 

already defined (6.3); it is thus a special solution of equa- 
tion (11.2). Functions satisfying equation (1 1.3) ai c called 
harmonic functions. 

Solving equations (1 1.1) foi E is equivalent to solving 
equation (11,2) foi (j>. This is moie convenient, since (j> is 
a scalai point function. Then we can also piovc that; If a 
function (j) satisfies Poisson's equation (11,2) over a region r, 
and if (j) takes on 1 >y escribed values ai the surface c, hounding 
the region t, the function is unique. Also if n*grad 
is given on the boundaiy o-, instead of the function 4>, the 
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function ,j, is still unique aside from an additive constant 
In either case, the intensity E will be uniquely defined by 
tie negative giaclient of the function 0. 

o» theorem we assume the existence of a 

cond function 0 which satisfies equation (11 2) in the 
region r, and which takes the prcsciibed values on the 
boundary We then replace the functions ^ and of 

funnel 

Then 

J(i>' ~ 0)A(0' - (i,)dr + fgiad^ (0' - 0)^7. 

r 

{^' — <P) grad ((f)' 




0) nd(T 


vanlfillltically! srcc‘"‘'®'‘‘' 

A0 = A0 ^ — 47rp 

rl'ereSre!* ^ -• 

J grad2 (0' _ ^)dT ^ 0 
or 

grad2 - 0) = 0 

zero, tne point function is constant, 01 
¥ — it ~ c 

But c == 0 on the boundary, thereforp tk — a.' 

L„z'" i.'iC.rc;," 

bouSarv^ ^‘grad i is prescribed on the 

vanish thp f surface integrals will again 

vanish the former for the same reason as before while 

the surface integral becomes zero in this case because 

^•grad <f> == n.grad cf>' 
on <j, Thus again 
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giacl^ (4) ~ 0') « 0 
or 

(}> ~ (j)' c 

The conditions hcic cletcimine (f) aside from an additive 
constant; but this is no disadvantage, since in each case 
the intensity is uniquely deteunined as —giad 0. 

As a simple illustiatioii, we shall dctciinine the field 
intensity, E, in fiee space, due to a surface charge, q, 
unifoinily distiibuted ovei the suiface of a sphciical coii- 
ductoi In this case the volume density, p, is cveiywhcie 
zeio, so that Laplace’s equation 


A0 = 0 


is satisfied by the potential function, tf), at all points out- 
side the suiface of the conductoi. 

Since iS IS a Newtonian foice intensity we seek a 
Newtonian potential function, one which vanishes at 
infinity and satisfies the condition • 


0 ) 


± 

4:ir 


n glad <l) ~ 


<7 


at the boundaiy, the suiface density being chaigcd pei 
unit aiea. We have aheady seen that 


glad 



r 

r 


if r is the ladius vectoi diawn horn the ccntci of the 
sphcie. Thus - and n aie unit noimals to the suiface of 

the sphere, but they aie of opposite sense, since n is the 
inwaid normal to the conductoi. At the boundaiy, then, 
we will have 


47r 


n glad 



47r\/'V 


== -JL. 

47r{J^' 


The function 


2 
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om^Th .T ^ at point** 

outside the sphere and also the condition at the boimdaiy. 
IS theretoie the lequired function and the only one. 

I lie neld of the intensity 

y2 y 

“n't wo may add that the icpulsivc 
force acts at points outside the splieie as though the whole 
charge were concentrated at the center 

Media and Condensers.-Z)«torirr o. 
tnsulalors m the election theoiy aie chaiacteiizcd by the 
gumption that theio are present in such media veiy few 
free elections, neaily all electrons being stiongly bound to 
he positive nuclei of the atoms The pheLmena of 

e“ectaX ‘%r‘ =»oh non-conductors of 

electricity. There is no such thing in iiatuic as a peifecL 

onductor or a perfect insulator, but many media behave 

ILTes ' of ‘WO 

Maxwell’s theory of dielectric media depends on Faia- 
days experiments with condensers A condenser consiste 

diel^tritf^^iTtlr conductors with an intervening 

dielectric, if the charged conductors are concentric spheres 

called a spherual condenser ’ 

he capacity of a condenser is defined as the quotient 
formed by dividing the charge on the positive plate by the 

•+’ T where 02 is the potential at the 

positive plate, then by definition 


4>21 


(12 1 ) 


It IS easily shown that the capacity of a spherical condensei 

a cortant'-’iri' • t ‘"‘^"“ing dielectrTc 

cemstant, it is independent of the potential differenc^ 

and the charge on the plate. For it 3 is the charge on the 


DIELKCiUK MEDIA AND ( DNDI Nsl US 


:i:» 


spheie ladlus and If the uuHiis <if tin* odu’i coiKliU’toi 
r\> r^i then 


</) 2 l — 




<nh 
/ ’ 


so that 


V _ V ^ Vd i "- / •) 
ti / 1 i 0 i 

0ji M — 


which piovcs the slaU'incMU. BuL Isinuhiy ftnnul upon 
hitioducing a dielcctiic I)i*L\v(’(mi tin* pl,i((‘s of a (•on<l<‘n'^(’i, 
while maintaining the plates aL a (’onslanl dilUninuH* oi 
potential, that Lhe chaige on llu' plales c'lianued, oi if we 
call S' the capacity and i[' the new (.lunge lIuMi 



In fact, his expoiinients .show(*d lhat, Jvr vvny Jived differ- 
ence of potential , ivhalcvcr the shape oj the condensvi , the i ,1! io 



remained constant for the same isotioph dieUutrir, 

We shall call this latio c. This ('onsUmt, c, (lep(*iirllng 
on the natuic of the dieleetiic and ('apahle of e\pennieiita( 
deteimination, is called the spciijii iiidiativo tdpatily of I he 
dielectric, or the dielectt ic coefjioieul. 

If wc rcsLiict ouiselvc\s to the splieric’al eondenwn*, lln*ii 
we can show that if tiui (‘harge on tlu‘ id.Ue lemaiiiM e<t)h 
stant, the dilToiencc of potential ( hanges in a very npeelul 
way. Initially in fiecj space we shall asMUine tliat 


S' J 
<lny 

We then intioducc an isotiopie dieleelrio with dicdertric 
coefficient, c, keeping Lhe chaige, (j, lixed while the dlirer- 
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ence of potential changes If we call the new difference of 
potential ^21', and S" the capacity, we shall have 



If we now maintain fixed and remove the dielcctiic, 
the charge q will change to some value, go, while the capac- 
ity will assume its original value, S, foi fiec space, since the 
capacity of a spherical condenser with the ethei as the 
dielectric is independent of the chaige on the plates and 
the difference of potential We thus have 


^ = 




Hence from these last thi ee equations, we find that 


and 


= 1 = . 

So 


— = 1 = £ <5^21^ 
?0 ^21 


so that 

^21 ~ €^21' 

T J of potential is different from 

SrthT r mtroducing a dielect.ic 

mtenlv rrr rir' ^ f'>« «'“tric 

then If we still use the lettei E for the new intensity, 

^21 = €02/ = ~ I 
Jpi 


(S dr. 


t.ve plate is now given the integraf P”''' 




v^^cror which has arisen is Max- 
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wells electHc cits placement vectoi, oi simply the displace^ 
ment. 

We call this new vectoi i), and define it by the equation 


D 




( 12 . 2 ) 


It IS characteii7ed by the piopeity that its flux thioiigh an 
aibitraiy suiface inclosing a chaige always gives the cliaigc 
intciioi to the suiface Also if we are to maintain out 
definition foi capacity, then the chaige q must not only be 
given by the equation 

2 ~ ^D-nd(T (12.3) 

where the sui face a incloses the positive plate but also the 
new E must be a potential vectoi , i e , the negative giadient 
of a scalar point function 
From (12.3) we have 

2 ~ ^ D'Udff eE'Tlda, 

But in flee space accoiding to Gauss’s electiic flux theorem 


2 




E • nch. 


IIciicc in ficc space e is unity and 

d = Xe. 

47r 

We thus have a natuial unit diclcctiic coefficient in 
tcims of which e foi cveiy isoLiopic sulDslancc may be 
expicsbccl. Foi such substances e is the latio of two 
chaiges; in gcneial we shall rcgaid it as a pure nunibei of 
zcio dimensions. The diclectiic coeflicient for paiaffin is 
horn 2 to 3; foi glass, fiom 6 to 8, and ncaily unity for 
every lareficd gas. 

If the diclcctiic is non-homogeneous and non-isotropIc 
we still define the displacement by equation (12.3) In 
this case the inteiifaity E will be changed not only in mag- 



38 


ELECT ROSIATICS 


nitude at eveiy point of the medium, but in diiocLion as 
well The dielectric coefficient liei e might I le a /loino^ra pky, 
or the displacement D, a lineai vccLoi fuiu tion of the inlmi- 
sity E, under the assumption that the i elation (12.2) 
between the displacement and the intensity btill holds. 
For our pill pose, we need only lemembei that in geneial c 
is a variable point function. 

The relation (12 2) between the vectois D and E is 
interpreted in a mechanical way as a stiess-stiain i elation, 
a special case of Hooke’s law. In its most siinpk* aspei t, 
where the dielectric coefficient is constant, the vcctois S 
and D would be inteipreted asstiess and bimplc extension, 

respectively, while i would play the lole of Young’s 
modulus. 


13. True and Fictitious Charges.— To discriminate 
fh h ^ ®finition the flux of the dis|)Iacemont D, 
region eflual to the chaigc in the 


J ^ ndc ~ f pdr. 


(13.1) 

Lrs’sXf ™ X (t^-i) I>y 

L.ausss theorem, this equation becomes 


Ddr = i pdr 


elrenfd'Strr the 

electrification i. ai’ volume density of tuic 

electrification is always given by the equation 

P = div D, 

face of two dieleancr(l7ann2t 

u; and (2), the integrals 


{pdr = fdi 


div Ddr 
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clegeneiaLc into siufacc integtals ovci the inteiface The 
first integial becomesJ^wc?(r, extended ovei the interface. 
If wc tiansfoim the second intcgial by Gauss's theoiciu, 


we will have 


J^div Ddr =Jd nd<r 


If wc now contiact the aibitiaiy suifacc a, bounding^ the 
legion T, to coincide with the inteiface, we obtain tfie 
integi al 

Jd nd<T 


which must be extended twice ovci the inteiface, once 
ovci each side If Z>i and aie the displacements and 
ni and riz the outei unit noinials of the media (1) and (2), 


respectively, then the in tegial taken ovci the 
bounding suiface of medium (1), may be wiitteii 
— ^ Di n\d(Tj n and rii being just of opposite sense. 


The whole integi al^div Ddr thus degeneiates into 

ni -j- JD2 n^do'. 


If wc now select an elemental y displacement tube of 
cioss-section da-^ foi the legion t, and let the ends of the 
tube appioach the inteiface, wc shall have in the limit 


(adc — ~ {Di'tii T D 2 ' tl2)d(r, 

From this wc conclude that the suiface density 

^|_ 2)2 112). 

The diveigencc of the displacement D has thus degenerated 
into the cxpicssion 

— T 2^2 •R 2 ) 

defined over the interface. This cxpicssion may be taken 
as the most gcncial definition foi the siufacc diveigencc 
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of a vector We may now say that Llio voliimo and suifiic*' 
densities of true elcctiicity aic given by the t*(|UiUions 

P = divi> and co = - (i>i .hj + 2)3 n^) = rlivs D. (Id.i) 

If there aie no tiue chaiges in a dielcctiic iiK'diiiin 01 
on the interface between two dielecli ics 

div D = 0 and divs Z> = 0 (Id.d) 

in these regions If the dielcctiic coefficiimt lune m .1 
variable scalar point function, equations (13.3) show tlial 
in these same regions 


cliv E 0 and divs E 0, 

Thus the intensity E has its som-ces not only in tlio In... 
charges, but m tiiose legions of a dielcctiic wlieie e is 

‘“o ^olum c/erf, li- 
the cquatior"’ “ '’y 

1 - - I 


47r 


div E; 


0) 


r _ 


47r 


divs E, 


(13.4) 


by thfeq'Tatas"'' ^ Potential vector dofincil 


47r 


div E 


p'; lot = 0 


(13.S) 


Pent:? 

(13 5) are equivalent to PoiLon W^^^^^ 

ur L ^ * ~ (^ ~1- Es ns) = 4jrw^ f 1 1 rl^ 

We thus see as before I . 

from an additive constant andtt^"'’'?' 
uniquely determined from tl e " 

the«i sources are m thtsrre: :^^^^^^^^^^ ^ = 

fictitious charges In fact fl^f “o and 

potential function and may evidentlv'lt ^owtoniaii 
form ^ eviaently be wutten in the 


0 



+ r 

J<r r 


(13.7) 
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14, The Vortices of the Displacement Vector. — ^Whcn 
the cm I of a vccloi is zeio, tlie vecloi field in the 
language of Hydi oclynamics is called an irrotational oi a 
vortex f tee field The vortices of a rotational field aie those 
legions whetc the cuil of the vectoi is diflcicnt fioin ^cio, 
and the ciiil of the vcctoi is called the sltengih of the 
voitex, The field of the vcctoi ^ is a voitex ficc field j 
since cud E is eveiywhcie zeio Theiefoie in adielectiic 
with a vadablc coefficient e, cud Z), accoiding to relation 
(12,2), IS diflcicnt fioin zcio Thus, in gencial, the dis- 
placement Z) is not an iiiotational vcctoi and thcicfoie 
does not deiive fiom a potential function 

At an intciface of two isotiopic diclecliics with dilTcr- 
ent diclcctiic constants, cud D is again diffcient from zcio, 
since cud E is zcio In this case the voiticcs aie dis- 
tiibutcd ovei a suifacc and aie called surface votticcs\ 
cud D heic dcgeneiaLc& into a surface curl which we will 
biiefly wiite cuds D, 

If we apply Gauss’s thcoicm to the vectoi cud Z), 
taking foi oui volunic an elemental y displacement tube 
whose Cl oss-section is a suifacc element, da, of the intci- 
facc, we shall have 

divciid Ddr = cud D>nda, 

The left niembci of this equation is identically zero since 
cud D h a solcnoidal vcctoi If we let tlu' length of the 
tube appioach zeio, the suifacc element appioachcs an 
element of the inteifacc as its limit, and since da is arbi- 
tral y 

cud D n = 0 

or cud D at a point of the intciface lies in the plane tangent 
to the intei face at the point. 

To obtain the suggested special form foi the ciiil of a 
vector we shall choose a dght-handed set of unit vcctoi s 
ni, t, V, and foi convenience the cooidinatc axes OZ, 
OX, and OY, paiallel, lespcctivoly, to these unit vcctoi s, 
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We will choose ni as the outei unit iioimal to mccUiim (1) 
at the interface, while t and v aie tangcntui to tho intoi- 
face If we now apply Stokes’ theorem to the olemontai y 
rectangle dzdx m the zx plane, with its sides dx in inoclia ( 1) 
and (2), we will evidently get 

cuil D vdzdx = (Da — Dy) idx + fdz 

where/* is written for the flow along the ends dz of tho 
rectangle We now let the ends of the icclanglo approach 
zero, the area dzdx degenerates into the length dx the 
term /* tecomes zero, whde D, and D^ appioaci. tlioir 
hmh wfget^ interface in media (f) and (2). Thus in the 

curl D ndx = (D 2 •— Dy) idx, 
or since dx is arbitrary 

curl D n =. (Da - Dy) t 

rectangle in the riyV plane the unit 

curl Dt=-(D,- D,) V. 

own S^teu^tbrnoriarn ’’an^tl'’'' 

still persist The vectors curTij mid ^ D 

fore mutually DerDendimJc,- +u ~ theie- 

tude and they he in the fv’ptne ''Ffom“tr"“l 
equations we must akn i r , ^ two 

»- a » “I 

curl D = curJq D - « / tn 

:f*“ i"- -»■ 

which is equal to shall havr'^ 


curl"^=-(niXi). + „, xOs). 
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This IS the sill face cuil of the vcetoi D, and may be taken 
as the foim fot the siuface cm I of eveiy vcctoi 

At an intcifacc of two isotiopic dielcctiics (1) and (2) 
with clicicctilc constants, ei and e 2 , 

ciuls = — (ni X i?i + n 2 X E 2 ) ~ 0; 

01 

TIj X El ~ Til X E 2 

since ciiil E is cveiy where zcio. This last equation may 
also be wiitten 

|i5i| sin (jEi, Ui) = 1 ^ 2 ! sill (J? 2 , nO (14 1) 

Thus the tangential component of the clcctilc intensity is 
continuous at an intcifacc of two Isotiopic dlelccttics. 
On the other hand, if theie aie no ti iie chaigcs at the intei- 
face, divs D is zero. Wc thus have fiom equation (13 2) 

divs = - (Di^ni + D 2 ^ 2 ) = 0 (14.2) 

fiom which wc sec that 


Di'tii “ D^'Tii*, 

or 

|I>i| cos (Du Jii) « {D 2 \ cos {D 2 , Til), (14,3) 

We may also say that if there aic no tiue chaigcs picsent, 
the noimal component of the clecLiIc displacement Is con- 
tinuous at an Intel face. If we divide equation (14.1) by 
(14.3) and use i elation (12.2) we easily obtain the 1 elation 

Tan {Di, nQ ^ ^ 

Tan (£> 2 , ni) €2 

since Di and D 2 ate parallel to Ei and E 2 , tcspcctivcly. 
Thus the tangents of the angles which the lines of displace- 
ment make with the 1101 mal to the intcifacc aie diicclly 
propoitional to the dielectiic constants, 

15. Space Distribution of Electric Energy.^ — Wc found 
(8,4) the mutual potential cncigy of tJio clcctiic field in 
fiec space to be 

W — ^pdr + (fxadff 
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which, since 

— 47rp = A<^ and 4x0; = giacl <p*n 
may be put into the foi in 


If we transform the first integial by the first foiin of 

Green’s theorem (18), the suiface intcgials will cancel, 
leaving 

S''-''''' (IS. 1) 

We thus see that the electric eneigy is distributed thiough- 
out all space with a volume density ~E^, 

If there are dielectrics in the field 

so that = “"d 0, = <iiysD />.„ 

f<l>div Ddr -i f^^D^nda- 
since, (17a), ^ 

diy 0/> = 0 div Z) + i) grad 0 
^ve may write the energy m the form 


W 


ijdiv ^Ddr - ijo grad - \j^d>D.ndc. 

just 

ft' = -ljDgrad^r = (I5 2) 

For space filled with 


an isotropic dielectric this reduces to 


W ^ 


EHt 


In 


8r/ 

any case, then, we find that the electric 


energy may be 
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thought of as clistiibuted thioughout all space with a 
volume density \D E, 

The intcgials without the indices aic to be taken thiough- 
out all space. The Gicen thcoiem is hist applied to a finite 
legion and then the boundaiy is extended to include all 
space. This is pcimissiblc since the iiiLegials of (8 4) may 
include all space, those legions of space whcic p and w aic 
zeio contiibute nothing to the intcgials 

16. Units and Dimensions. — To lelatc the lational 
clcctiostatlc (i.c. s.) system of units to the common oi 
absolute electiostatic (c c s.) system, we will call the 
unit chaige m the (i. e s.) system go and in the (c, c s.) 
system go^ Then by definition 

^ = t dyne 

1 t ^ 

the diclectiic coefficient, €, being unity in fiee space, so 
that 

g'o^ == 47rgo^ 

oi the (c e s.) uni t chaigc is equal to the (r. e. s.) unit 
multiplied by ’s/^tv 

The natuial unit chaige oi the chaige caiiicd by the 
election has been detci mined by Millikan with gicat 
precision * In (c e s.) units this was found to be 
e = 4 774. 10-10 (c c. s) units, which is coiicct to one- 
half of one pci cent Expicsscd in the (i^e, s) system 
units, this icsult would be multiplied by V 47r. 

The equation 

F ^ qE (16.1) 

defines the electiic intensity foi evciy system of units. 
If the chaigc g is defined in (1 c. s.) units, then the inten- 
sity E is given in (1, c. s.) units intensity Similar state- 

*R A Millikan, “Tlie Electron," p 118 
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<-'«! dis- 

placement and the potential 0 

inte!i'^,tv''wl *° “""“tion between the electric 

un^r we I n ““ ‘"-0 different systems of 

svstL nf measured in the (c e s.) 

system of units by supeisciipts, then m this system 

r = q'B'. 

7T"* o( (. c s ) and (c e s ) 

trostaticTeTd* tte^'n 


or 


q =V4t 2' and F' == F 
q'E' = qE 


(16 2) 
(16 3) 


If we substitute the fiist of COllfltmne MA 9^ . < 

(16.d) we find at once that ^ ^ ^ ° 

E' =Vi^E 

or the electric intensity expressed m (c e s.) units is equal 
to the electric int^ity of the same field in (r. c s ) units 
mutiphed by vt^ Also, from the definitions of the 
displacement and the potential, the relations 

!>' and <^'=:V4^^ 
will be evident^ 

We wish now to find the dimensions of the electric 
quantities xve have introduced In mechanics we were 

ma^Klenath/ in terms of 

mass length L, and time T, and it is possible to exorcss 

^Itmns To" r" ” fundamintal 

as a “ilumblf 

Our definition for force as the product of mass and 
acceleration leads to the following dimensional equation. 

[n = [APiir-2] 
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If we write the equation 



dimensionally, we bhdll have 

[q] = [yVF] = UVPV'T-^] 


also 


and 


[£] = [^1 = IM»L-''‘T~'] 
ID] = [f ] = imL-'^T-^] 
[01 - [B dr] - 


It seems haidly necessaiy to justify the (c, c s) 
system of units adopted heie Howevci, this is the sys- 
tem most used by physicists, and the avoidance of moic 
factors involving 4ir by using the (i e s) system seems 
very doubtful. Then the change fiom one system to 
another is a veiy simple matter, as we have alicady seen. 

EXERCISES 

(1) Show that the aveiagc value of sln^ / is | if taken for a 
complete peiiod 

(2) If a charge q is unifoi mly chstiibuLed along a line of length 
2lt what will be the force intensity acting at a distance B fiom 
the line on its perpendiculai bisectoi. 

(3) Compute the potential function for the chaige of 

problem 2 

(4) Give the ptoof that A in Piicstlcy’s law is unity, for 
(c. e s ) units and find A foi the (i e s ) system of units 

(5) Prove that giad 0 is a convergent integral if the chaige 
lb distributed in finite space, 0 is the potential function, 
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(6) Give a direct pi oof that 

A(^ = ~ 4t/3 

where <f) again is the electiostatic potential 

(7) Find the potential eneigy of a body falling ncai the 
earth’s surface 

(a) At any instant, (b) At the instant it is 300 feet fiom 
the earth 

(8) Find the potential eneigy due to the Newtonian attiac- 

tion of a 1 pound mass, if this mass is 12,000 miles fiom the centei 
oi the earth 

(9) An electric charge q is located at the centei of a spheie 
radius a find the flux of the electric intensity B, due to this 
charge, through the surface of the spheic, by a diiect nitcgiation. 

tnsulated"hr!r Art 9, if the suspended 

DescrteThrfi1r'“'' J r'' ^ P''™omenon? 

Uescribe the fie ds inside and outside the hollow conductoi. 
un form^nZM «’ rallying a 

conZa^eVatt 


CHAPTER II 


MAGNETISM AND POLARIZED DIELECTRICS 

1, Magnetism and ceitaiii magnetic phenomena aie 
matters of common knowledge It was discoveied very 
oaily that loadstone, a paiticular kind of iron oie, possesses 
magnetic propci ties This inhei ent magnetism, or tnlr^nsic 
magnetizakont is chaiacteiistic of permanent magnets 
That the earth is a magnet has been known foi a long time, 
though just what is the souice of the caith’s magnetism 
is a question which has nevei been conclusively answered. 

Surrounding a magnet theie is a magnetic field of force 
intensity. If a bai magnet be suspended so that it swings 
freely m a hoiizontal plane, it will line itself up in a north 
and south direction Neai the ends of the magnet and 
not veiy well defined aic two points called the magnehc 
poles, fiom which the foice seems to arise The line join- 
ing these two points is called the axi^s of the magnet. The 
pole of the magnet which turns to the north is usually 
called the positive pole and the othei the negative pole 

There is a founal lescmblance between magnetism and 
electricity, though a magnetic pole has no influence at all 
on a static cliaigc of electricity. Like poles lepel and 
unlike poles attiact each other, as did like and unlike 
electiic chaiges Also, by a seiics of extensive experi- 
ments, Gauss established the fact that, foi concentiated 
poles, the Newtonian law of foice holds 

As we defined the unit chaige in clectiostatics, so we 
define a unit magnehc pole as a pole winch repels a like pole 
tn vacuo at a distance of one cenhmeter with a force of one 
dyne^ The unit pole heie defined is the common electro- 
magnetic unit pole; it is the basis for the common electro- 
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magnetic (c e m) system of units. A unit pole is also 
said to be of unit strength 

If mi and Wa are the strengths of two like poles, and if 
r IS their distance apart, the repulsive foicc, may then 
be written in the form 


which is the Newtonian law of force. The factoi A is 
again a universal constant depending on the choice of 

^ system of units to equa- 
tion (1 1), taking r equal to one centimetei, F equal to one 
dyne, and mi and each equal to one positive (c e in.) 
unit pole, we find that the constant A is unity, so that 




in our chosen system of units 

"“'‘ably defined by the 
equation F - mH, is seen to be a force intensity oi force 

ti,„ fi M ^ P° ® P°'® Strength m be broudit into 

the field without changing the field, will be X force 

t ‘h' P°/f “^“"5 “ the pole Also if magnetL material 

by SiorXJ: sS r 

as well as induced eXcX'y'""" 

acter J tL mX“tt"fieM p'>- 

of magnetism X d^LXXi;" rtXrtlf 

"r to tX:X£XTm" 

pole We thus have to deal S a t 

point doublets, ff we break a system of bi-poles or 

small as possible, the pieces persTst^Xl”'^ “ 

properties possessed by the Livinal * magnetic 

oy tne original magnet. A magnet 
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IS thus thought of as a polaii/cci medium, a medium com- 
posed of such point cloublets. The neaiest approach to 
ail isolated pole is one pole of a veiy long magnet of small 
cross-section. In the legion surrounding one end of such 
a magnet the effects of the other pole would be negligible, 

Ihe whole theoiy of magnetism is based on the idea of 
the ehiuenlary magnet To develop this idea we write out 
the Newtonian potential foi a 
veiy small magnet and neglect 
second oidei tcims, which drop 
out in the limiting pioccss of the 
intcgial calculus. The negative 
giadient of this function will 
give the magnetic intensity H 
collect to second 01 dei infinites- 
imals. 

The Newtonian potential, 
at a point, P, of a very small 
magnet of length h, and pole 

strength in vacuo, whose ccntei is at the point M, 
distance r fiom P, is evidently (Fig. 3) 







m 


m 


mh cos 6 


r — ^ cos 0 


f 4- ^ cos 0 


>2 — 


.4 


cos^ d 


wheic 0 is the angle between the vector r, diawn from the 
point M to the point P, and the vector dMy drawn from 
— w to m, whose modulus is h, (We adopt the Piano 
notation and wiite 

r « P M 


foi the vector drawn fiom M to P. Then 
dr ^dP dM*) 

Wo now regaid h as an infinitesimal and neglect all second 

* Since df 18 an arbitrary displacement of an end point of r, this notation 
discriminates explicitly between the displacements of M and P, 
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ordei terms, and define the potential, of the elemental y 
magnet by the equation 

, mh cos 0 

= — 75— • 

This will be the potential of the oiiginal magnet coiicct to 
second order terms 

The potential of the elemental y magnet may be put 
into a more convenient foim by hist obsciving that 

dr = grad r dr ^ giacb. r dP 


= gradj,^ r dM = ~ giad^ r dP 
or 

gradp r = - grad,,, r 

Also since grad^ r is a unit vectoi parallel to r =: P — M 
and h = \dM\, 

hcosB - \dM\ |giad,> 1 \ cos 0 


Thus 


= glad,, r dM giad^, r>dM 
^ ^ mh cos d ^ _ mdM giacl,, r 


= mdM gradj, 


where 


-1 


grad^f has been replaced by its equal, giad„ t 


V' = m grad;„ - 




inte^tr'i^ the ^rimt^rrature '’f 

are interested m a consistent fL of magnetism; we 
average effects So m the studt*^^ f 

are stdl interested in average valuL vvr'"" 

mg to dissect and analx^-^Ai, ^ot attempt- 

analyse the atom or molecule, i„ fact, 
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wc legal d the elemental y magnet as made up of many 
molecules 

3. Intensity of Magnetization — Since a magnetic pole 
:an not be isolated, the moment of the magnet rather than 
its pole stiength plays the moic impoitant role. Koi if an 
elemental y magnet be placed in a magnetic field of intensity 

it will be acted on by a toique oi couple We will 
Jefine the positive sense of the magnetic intensity H as 
Lhe sense in which a positive pole will be diiven. We may 
then say that the couple tends to lotate the magnet into 
jiich a position that its own lines of intensity have the 
Jiicction and sense of the field intensity H 

The moment of a couple is usually interpreted as a 
/ectoi, peipendiculai to the plane of the couple, whose 
magnitude is the pioduct of the magnitude of the foice and 
Lhe aim of the couple. This magnitude will be the aiea 
5f the pai allelogi am whose altitude is the arm of the 
couple and one of whose sides is the foice H If the 
moment of the elemental y magnet is m, then the moment 
3f the couple will evidently be given by the vectoi m X H 
rhe positive sense of the moment of the couple is so chosen 
diat the magnet will appear to lotate in a counter-cloclc- 
kvisc sense, as seen fiom the terminal of the moment of the 
:ouple. 

In a volume clement dr of a volume distribution of 
magnetism, the icsultant moment of all elemental y mag- 
lets m the element may be elTcctively replaced by a single 
iTcctoi, We aie thus led to intioduce a new vector, /, the 
moment per unit volume, called the tntensUy of magnetiza-^ 
ton, and such that Idr will give the lesultant moment of 
ill the elementary magnets in the element dr The inten- 
>ity of magnetization, /, may be a vector point function; 
n such a case the polaiization is of the most genet al type 
iVe thus see that if a magnet be placed in a magnetic field of 
ntensity H, eveiy volume element will be acted upon by a 
:oupIe the moment of which will now be given by the 
sector Idr X H, 
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4, The Scalar Magnetic Potential. — The potential of 
an elemental y magnet situated at a point AI was given liy 

equation (2.1) to be the scalar pioduct, m giadAf- To 
\ r 

obtain the magnetic potential foi an clement dr of a 
permanent magnet, we would sum the potentials of all 
elementary magnets in the volume clement This will be 
equivalent to i epiacing the moment of the elemental y 
magnet by the lesultant moment of all the elemental y 
magnets in the element dr. But this lesultant is given in 
terms of the intensity of magnetization by the vectoi Idr] 
hence the magnetic potential at a point P, exteiioi to the 
magnet, for the element c?r, situated at a point M of the 

. J 

magnet is I gradv-^^r. 

r 

If induced magnetism is m the field also, we shall have 
othei polarized legions, with a icsultant magnetic moment 
in each volume element and therefore a moment pet unit 
volume oi an intensity of induced magnetization There- 
fore, the scalar magnetic potential foi any numbci of 
permanent and temporary magnets at a point P, outside 
the magnetic media, will be given by the mtegial 



taken throughout all magnetic media. 

We might observe again that while equation (2.1) 
gives only the approximate potential foi a small magnet, 
equation (4 1) gives exactly the potential for a space dis- 
tribution of magnetic material We have only dioppcd 
out in the procedure the second order terms which auto- 
matically drop out In applying the fundamental law of the 
integral calculus 

Kquation (4 1) defines the magnetic intensity at every 
point, P, outside the magnetic media. But for points 
within the media the integrand of the potential function 
becomes infinite to the second degree when M coincides 
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I 

with the point P, since giacl - involves the factoi r~^ 
If we apply the transfoi mallon theoicm (17a), 
div (jyu = (j) chv u + li glad 


to the intcgiand, the potential function (4.1) will take the 
form 


^ + f diy hr 


If we now tiansfoim the second of these two intcgials by 
Gauss’s theoiem wc get 




-“£- 7 ^+/.' 


nd(T 


(4.2) 


The hist integial is to be taken thioughout the volume of 
all magnetic media, and the second integial ovei the 
bounding sui faces of these media, n being the outei unit 
normal. 

The magnetic potential \l/, giad i/-, and aie uniquely 
defined by equations (4 1) oi (4.2) foi points outside the 
magnetic media. But foi points of the magnetic media, 
A\f/ is no longer defined thiough equation (4.1), for A\J/ 
will then involve as a factor of the integiand. On the 
othei hand, giad and Axj/ aie uniquely defined at all 
points of space by equation (4.2), since hcie t/' is a New- 
tonian potential function, Wc thus analytically extend 
the meaning of ^ foi points of the magnetic media by tak- 
ing equation (4.2) as its gencial delimtion. The magnetic 
potential thus becomes a Newtonian potential function 
defined evciywheie. The potential i/', whose negative 
gradient is the magnetic intensity H, is thus the Newtonian 
potential foi a mass of volume density — div I and a sui face 
distribution of surface density I^n, 

5. The Equations of Poisson and Laplace. — Wc have 
already seen that the Newtonian potential function 
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satisfies Poisson’s equation 

A0 = — 4:Trp 

therefore Poisson’s equation foi the magnetic potential 
will take the form 

AyJ/ ~ 47r div / (5.1) 

At the boundary of the magnetic media the light mcmbci 
degenerates into 

47r divs / = — 4T(ni h 4* n 2 h) ; 

the intensity of magnetization, h oi /a, will be zcio if the 
magnetic material lies adjacent to a non-niagnctic media 
or free space. Also in free space div I is zero, so that 

= 0 

or Laplace’s equation is satisfied at points outside the 
magnets Then since 

—glad \p = H 

Poisson’s equation may also be written in the form 

div H (5 2) 

If we compare this equation with (5 1) we see that 

div {H 4 4x7) = 0 (5.3) 

and at a boundaiy of the magnetic media then 

divs (77 4 4x7) = 0 (5 4) 

This new vector, 77 4 4x7, which has incidentally aiiscn, 
is destined to play a fundamental lole in the tlieoiy of 
magnetism 

6, The Magnetic Induction, — The new vectoi, 
77 4 4x7, which appeared in the previous section, is of 
fundamental importance This vector, which wc shall 
designate by the letter 5, is called the ntdgfielic tnductioyi 
or simply the 'induciioUy and corresponds to the electric 
displacement 7), The induction defined in (c, e, m ) 
units by the equation 


5 = 77 4 4x7 


( 6 . 1 ) 
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is a souicc flee oi solenoklal vecloi, since accoidmg to 
equation (5 3) its cUveigence is evciy where zero But the 
clivoigcnce of the cuil of eveiy vectoi is also identically 
/CIO, \vc may theiefoic look upon the induction as the 
cull of anotlici vcctoi A and wiitc 


B = cm \ A (6 2) 

The vectoi A fiom which the induction B may be derived 
is Maxwell’s vcctoi potential 

If we caic to diaw an analogy with electiostatics, 
where the tiuc clectiic density was given by div and 
divs D, we may wiite 

p,„ = div B, w„, = divs B (6.3) 

foi the volume and sin face densities of tiue magnetism 
But since div B and divs 5 aie identically zeio, p,„ and 
0 ),,, aic zcio evciywhcie We should expect this, since 
neithci positive noi negative magnetism evei exists alone 
in natuic In evciy volume element of a magnetized 
medium they exist m equal amounts, so that the density 
of tiue magnetism is cveiywheic zeio 

If we wiitc out Gauss’s thcoicm foi the induction 


^div Bdr ~ B'udc 


we see that since the induction 5 is a solenoidal vector, 
div B vanishes, and we have the lesult that the total flux 
of induction thiough evciy closed suifacc is zero. Hence 
the vectoi lines of the vcctoi B, the lines of induction, arc 
closed cuives, and the tubes of induction aie therefore 
closed tubes. Some of the lines of induction may be 
closed at infinity, but none of them teiminate in finite 
space, foi if they did the flux of induction thiough a closed 
suifacc including these teimmals would evidently not be 
zeio, which would contiadict the fact that the induction 
is a solenoidal vcctoi . 

7. Fictitious Magnetism —The magnetic intensity H, 
like the elcctiic intensity E, is determined from its sources. 
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Since it is a lamellar or potential vector The souices of 
the vector H are found where div H is diffeient fiom zero 
Since div B is eveiy where zero, and the induction B is h>V 
definition + 47r/, we have 

^div/r-~div/; divs H = - divs /. (7.1) 

We thus see that the sources of the magnetic intensity arc 
situated not only in those regions occupied by permanciil 
and temporary magnetism of variable intensity of mag** 
netization, /, but also on the boundaries of these rcgioiiB 
and at an interface of two different magnetic media wicli 
different intensities of magnetization In these legioiitS 
we thus assume ficHttous magnehsm of volume and surface 
densities. 

p'» = ^ div , «'m = ;^ divs H (7.21 

respectively. If we substitute the first of (7.1) into (5.1) 
we see that Poisson’s equation becomes 

— 4irp',„. 

The conditions at the boundary are given by tho 
equations 

divs 5 s 0; curls H ^0 (7.3) 

the former leading to the second of (7.1) which may t>G 
written more explicitly in the form 

\ 

“4^^”^ + ^2 -if 2 ) = {ill Ii + n2‘/2) 

and the latter to 

curls - (ni X Hi + nz X /fa) = 0 
at an interface between two magnetic media (1) and (2). 
If we replace Hi by -grad ^ 1 , and Hz by - grad ^ 2 , 
these two equations become ^ ' 

^ [ni grad ^|/^ + nz'grad ^ 2 ] m /i + nz h 
ni X grad 1^1 + nz X grad ^2 = 0 


(7.4) 
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In case one of the media, possibly (2), is non-magnetlc, h 
will vanish, giving a special form for the first of (7 4). 
TThese boundai y conditions (7 4) ai e expressed in the state- 
ment that the noimal component of the induction B, and 
the tangential component of the magnetic intensity 
are continuous at an interface of two magnetic media 
This situation is analogous to that holding for the electric 
displacement Z), and the electric intensity £!, at an inter- 
face of two dielectrics 

The explicit form foi the potential ^ in terms of the 
volume and surface densities of fictitious magnetism is 
easily found to be 



by substituting (7 1) and (7 2) into (4 2) The first 
integral is to be taken throughout the volume of all mag- 
netic media, while the latter is to be extended over the 
boundaries of these media. Again the potential just 
expressed, is a special solution of Poisson s equation. 

8 . The Potential of a Magnetic Shell— We define a 
magnetic shell as a surface distribution of elementary 
magnets with a common normal sense; each magnet has 
its center on this suifacc and its axis perpendicular to it. 
If the thickness of the shell is dn and the intensity of mag- 
netization /, then the modulus of the vector Idn, which 
we will designate by is called the strength of the shell. 
The vector Idn is evidently the moment per unit area 

The potential of the shell at a point P, outside the 
shell, given by equation ( 4 . 1 ), may be written in the form 

r{, ==jjdn grad-if/or ( 8 . 1 ) 

where 6 is the angle (/, r), the vector / being normal to 
the surface of the shell at some point, M, while r is the 
vector drawn from M to P. The form of the potential 
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given here is the general form for the double layer potenkal 
In the study of this function, the stiength of the shell, 
plays the role of a density factoi diffeiing fiom zcio at 
points of the surface We aiiive at this idea in a moie 
exact way by taking the limit of \ldn\j as d)i appioachcs 
zero, under the assumption that the intensity of mag- 
netization I increases without limit in such a way that the 
product Jdn remains finite This limiting value of the 
modulus of Idn is taken as the density factoi , <I>. 

If we cut the surface tr by a secant plane peipendiculai 
to the normal to the surface at P and ncai to P, this plane 
will slice off a surface cap which we will designate as Ci 
We shall call the distance from the secant plane to the 
point P, €, Then as e approaches zeio the secant plane 
will approach as its limiting position the tangent plane at 
the point P, providing the oiientation of the secant plane 
remains unchanged Now the magnetic shell has natuial 
positive and negative sides, determined by the sense of 
the elemental y magnets Also the cap Ci together with 
that portion of the secant plane lying outside the boundai y 
of Cl divide all space into two paits We shall call that 
portion of space bordering on the positive face of the cap 
the positive side of the cap, and the other part the negative 
side. Also the solid angle subtended at a point P', by the 
boundary of the cap Ci, will be defined as positive oi 
negative according as P' lies on the positive oi negative 
side of the cap 

We shall choose the point P' on the positive side of the 
cap Cl, and at a distance r from an clement daroi the cap 
We shall now draw a unit sphere and a spheie ladius r, 
with P as center, Then the elementary cone whose apex 
is P' and whose base is da cuts out a solid angle on the unit 
sphere which we shall call dfi, and the aiea da cos 6 on the 
sphere radius r, if 6 is the angle between the noi trial to the 
element da and the vector drawn from the point M of the 
element da to the point P'. Since these areas aie pio- 
portional to the square of their radii (Fig, 2), we shall have 
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and 


dQ __ da- cos 6 

TT ;;2 

cos 0 


whcic is the stienglh of the shell at the point of the cap 
Thus the potential of the cap at the point P' will be given 
by the integi als 

, r <t* cos 0d(r 

= I =J 

wheie the second intcgial is to be taken ovei that portion 
of the unit spheie lying inside the cone whose apex is P* 
and whose base is the boundaiy of the cap Ci If we call 
this solid angle U' and if <5 is constant for points of the cap, 
then 

ypi = <I> O' 

But in the case undei considei ation the strength $ of 
the elonicntaiy shell vaiics ovei Ci so that if and are 
the minimum and maximum values of <I> on Ci, then the 
potential at P' will be the pioduct of the solid angle 0 and 
some value of between <!>' and We shall call this 
value <I>i so that ‘InO' is then the potential of Ci at P', 

If we let P' appioach P, the solid angle 0' will approach 
as its limit the solid angle at P subtended by the boundary 
of the cap. If we call this solid angle 0, then the potential 
at P due to the cap will be equal to <I»iO 

If we wiite <t\ foi cr — Ci, then the potential at the 
point P of the shell is 

+ ( 8 . 2 ) 

Since the integi al ovei cri is finite and is finite, we con* 
elude that the potential 


’<I> cos ddff 
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at a point P' outside the shell converges, i.e., appioaches 
a finite value, as P' approaches the point P of the shell 
But as € approaches zero oi as the secant plane appioaches 
the tangent plane at P, the solid angle 12 Avill appi oach the 
value 2t if P' is on the positive side of Cu and will 
approach the value at the point P while the integial 
over Cl has as its limit the integial over c. In the limit 
then we find that 

^ ^ 2w<l> 

Ja ^ 

is the value of the double layei potential at a point P of 
the shell when P is approached fiom the positive side of 
the cap But we have already proved (8.2) that in this 
case yjy is finite, hence the integral in the above equation 
is a convergent integral. 

Had the direction of approach been towaids the nega- 
tive face of the shell, the additive term, would have been 
— If we discriminate between these two values of 

rpt calling the former and the lattei wc may write 

r (8 3 ) 

_ 2-^. 


If we combine these two equations, wc shall get the equa- 
tions 

— ipx = 4ir^> ] 


— 


•J: 


4* cos dd(r 


( 8 . 4 ) 


These results are extremely important, the first equation 
in the study of current electricity, while both equations 
are used in the modern proof of Dirichlet’s principle, which, 
of course, is out of this province 
The double layer potential 


cos dd<r 
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is a unique single valued function of the point P, at every 
point of space; this fact is oppressed foi points of the shell 
by equations (8 3) The value of the function at a point 
of the shell is the value of the integial taken over the 
shell when P is a point of the shell; we have pioved that 
this is a convergent integial But we have seen that the 
fLinclion appi caches the shell discontinuously , it does not 
conveigc to the value of the function at the point of the 
shell appi cached, but to this value, or •— 

accoiding as the approach is towaids the positive or nega- 
tive face, respectively. 

Just as the electi ostatic potential had a natural zero 
value at infinity, so also has the scalai magnetic potential 


Thus, since 
and 


dij/ = gi ad ^ dr 
H - ~ glad ^ 


we may write the double layer potential as the line integral 

yp CH^dr (8.5) 

where it is assumed that ^ vanishes at infinity This 
assumption only fixes the additive constant, whose value 
is immaterial. The path of integration fiom infinity to 
the point P is aibitraiy since the integial depends only on 
the end points of the path. This function has a unique 
value at a point Pg, taken ncai the positive face of the shell. 
If we extend the path of integiation from P 2 around the 
edge of the shell back thiough the shell to P 2 the function 
will assume its oiiginal value at P 2 , 01 the ciTcidatiou 

integral, f H dr, from P 2 arotind through the shell tn 

posithve sense back to P 2 , I'S zero Also, accoiding to the 
111 St of (8.4), i/o - 4x4’, so that (and this is another 

important result foi cun cut electricity) the circulation 
integral (01 the magnetic potential) increases by 4x4» 
passing through the magnetic shell in positive sense. 
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It may be well to state explicitly again the conditions 
under which these impoitant lesults have been obtained. 
For points of the magnetic media we have seen that 4^ 
must be defined by the equation (4 2), 


, f div Idr , f I 

^ = -J^— + j - 


ndar 


in Older that H — gia,d\f/ and A\f/ have a meaning at 
such points Accoidingly, at points of a volume distri- 
bution of magnetism, we found that 


A\J/ = Air div / — — div H 

while at the boundaiy of such media this result degenciated 
into a siufacc diveigencc oi 

— divs glad xj/ divs H ~ — 4:Tr divs I 

and nioie explicitly 

— (Hi Hi Tiz Hz) = 47r/ 712. 

This shows just how the intensity H behaves at a point 
of the double layei, foi the last equation may be wiittcn 
in the form 


— (iir 2 Hi) ndti = AiTrldfi'n 


where n ~ 712 = — 7ii Since \ Idn\ ~ <I>, the light mcmbei 
of this last form is 47r4», while the left membci is that ele- 


ment of the cii dilation integral 'dr at the point P of 


the double layci Our results hold at eveiy point of a 
complex shell, the stiength of the shell, being a vaiiable 
point function, the simple shell, constant, is a special 
case which needs no sepaiate treatment 

9 The Energy of the Magnetic Field. — In the study of 
the potential eneigy of the electric field we obtained the 
fundamental result (I, 7 4) that, if the potential function 


vanished at infinity, the potential energy of a chaigc t?, 
at a point P, in an electric field, was equal to the product 
of the charge and the potential at the point P. Since the 
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magnetic potential is a Newtonian potential function, we 
can apply this lesiilL cliicctly to an elemental y magnet 
whose negative pole of pole sticngth m is at a point P. 

If the potential at the point P, due to ccitain magnetic 
media, is i/', then the potential at the positive pole will be 
xj/ -f #, so that the potential eneigy of the magnetic 
doublet is 

—mxj/ 4" 4- 

= mdr gi ad ^ — m gi ad 

wheie we have wiitten the vcctoi tn foi the moment tndt 
of the doublet as foimeily. 

Also the mutual potential eneigy of a system of n 
electiic chaiges was given (I, 8 3) by the expiession 

n 

the sum of onedialf the potential eneigy of each chaige. 
This icsult is diiectly applicable to a system of n elemen- 
tal y magnets, oi one may go thiough the longer pi ocess of 
biinging the doublets ui) fioni infinity in oider. In cither 
case, we aiiive at the icsulL that the mutual potential 
eneigy of the system of magnetic doublets is 

n 

giad«^„ 

where 4^% Is the potential function at the point Pi of all the 
doublets except the doublet whose moment is m,. If 
theic is no induced magnetism in the field, the potential 
eneigy Wmt foi ^ continuous distiibution of permanent 
magnetism of intensity of magnetization I, thus becomes 

Wm = i giad pdr = - ij hHdr (9.1) 

wheie the intcgial may be taken thioughout all peimanent 
magnets, oi thioughout all space, since the vector J is 
zcio outside the magnetic mateiial. 
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If we replace the intensity of magncti/ation /, in cqua- 

. . 1 

tion (9 1), by its equal fhe potential cncigy 

will assume the form 


W„ = - T r (B - H) Hdr 

where the integration is extended thioughoiit all space. 
It IS easy to piove that in a magnetic field due to mag- 
netic media only, the first integral, ^ B Hdr, vanishes 

when taken throughout all space. This may be seen by 
first replacing the intensity H by — giad^, and then, 
transforming the resulting integrand, B gi ad by formula 
(17a) 

div t/'S div B + B«giad \f/] 
we find that the integral 


ypBdr d-^^^div Bdr, 

Since div B is identically zero, the second integral in the 
right member of this equation vanishes, and if we sui round 
all magnetic media by a spherical suiface <r, we may 
transform the first integral by Gauss’s theorem into the 

surface integral •nda. But the induction 
B — H ~ — grad ^ 


in free space, so that we may replace the induction B by 
“grad ^ in this surface integral; we will thus have finally 


Jb Hdr = grad 


The potential ^ vanishes like r-^ at infinity, and its nega- 
tive gradient like while the spherical surface becomes 
infinite like we may conclude that this surface integral 
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vanishes in the limit as the ladiiis of the sphere increases 

without limit, and that the volume integial, B Hdr^ 

extended thioughout all space, is zcio ^ 

The potential encigy may thus be wutten in the simple 
form 

wheic the mtegial is to be taken thioughout all space. 
This is Maxwell’s lesiilt f 

This lesult of Maxwell, though collect, must not be 
1 

wrongly interpieted; if is to be intcipieted as energy 

per unit volume it must be thought of only in an average 
sense. The possible ciior in mtei preting Maxwell's result 
lies m the fact that the encigy in the legions occupied by 
magnetic media is not put into evidence. If we can sepa- 
rate off this puicly local pait of the encigy, we shall be in a 
position to define the cneigy density at every point of 
space. 

In doing this we shall take the moie general case where 
induced oi tempoiary magnetism is in the field of the 
peimancnt magnets. The total eneigy will be the work 
done in bringing the permanent magnets up from a state 
of infinite dispcision, the induced oi tempoiary magnetism 
adjusting itself at evciy step of the pioccss. This energy 
will evidently be given by formula (9 1); m form this is 

* For £1 moie detailed pi oof we may replace r m llic polcnlial function and 
its gradient by lU nnnimum value, r#, we shall then have 

\ C , i W'o 
I ^ I ” I I p'mdr \ = — , etc 

tSomc of Livens’ cuticisnis aic pertinent here Livens points out that 
the treatment of the subject of magnetic eneigy "in the usual text-books is 
hopelessly confused " This is due to reasoning by analogy and a lack of 
discrimination between potential and kinetic energy See G. II Livens 
"On the Mechanical Relations of the Energy of Magnetism, Rtty ' 

Scr AV, 93, 1916-17; also "The Ihcoiy of Electricity," Art 470, p. 417 
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the same as though no temporary magnetism wei e present, 
but in fact it is different, since the magnetic intensity H 
IS different In this case the sources determining the lamel- 
lar vector H arc not only on the inteiior and on the bound- 
aries of the peimanent magnets, but also on the intcrioi 
and the boundaries of the temporal y magnetic media. 
If we wiite h and / foi the intensity of magnetization of 
permanent and temporal y magnetism, icspectivcly, equa- 
tions (5 3) and (5 4) will take the moie explicit foim 

— div H ~ div (/o + /), — divs H = clivs (/o + /) 

which indicates clcaily just wheie these souiccs arc The 
magnetic induction B, given by equation (6 1), may also be 
written more explicitly in the foi m 

5 = + 47r(/o + /) 

or preferably 

H ^ B - 47r(/o + I) (9 2) 

In this notation the potential eiieigy of the magnetic 
field under consideration is given by equation (9.1) if 
we replace I by Zo in that equation, or 

Hdr (9.3) 

This integral may be taken throughout all space, since it 
vanishes outside the permanent magnetic material. 

To put into evidence the local pait of the cncigy 
we shall multiply equation (9.2) scalaily by the vectoi 
B -}- 4ir(/o + /) , this gives 

B Zf + 47r(/o ZZ + / ZZ) = B2 - 167r2(/o + /)« 


If we multiply this equation by dr and mtcgiatc thiough- 
out all space, we shall obtain the equation 

Zo Hdr - J[B2 - 167r2(/o + r)^]dT-4:rJ I Hdr 
the integral B Hdr vanishes for a field occupied 


since 
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by magnetic mateiial only But the left member of this 
last equation multiplied ^ 1'^^® potential energy of 

the magnetic field, oi we have 

w„=- L j" [B 2 _ lOirK/c) + I)^]dr + i 0 Hdr (9,4) 

From this lesult we can lead ofi the eneigy density at 
evciy point of space ThioughouL fiee space lo and I 
aic zeio, so that the field oi cLhcical cneigy density is 

Stt Stt 

a icsult just opposite in sign ^ to the aveiage eneigy 
density of Maxwell and the field cneigy density given by a 
numbei of wiitcis. The negative sign is not only a con- 
sequence of a logical deduction, but it is also a necessaiy 
fcatuic in a consistent thcoiy of magnetic energy. This 
fact will appeal moic cleaily when we study the magnetic 
eneigy of the elcctiic cuiient, Heic also we shall see that 
the ethcical eneigy density plays the impoitant i6le, this 
fact and the way the induction cnteicd the theory is the 
icason why B is icgaidcd as the fundamental vector in the 
thcoiy of magnetism. 

The teinis involving /» and I constitute the piiiely 
local pait of the cneigy, while the second integral in the 
light membci of (9.4) is the stiain cneigy due to the polar- 
ization of the tcmpoiaiy magnetic media Undei the 
influence of the magnetic field, the elemental y magnets of 
this media aic displaced fiom theii chaotic, magnetically 
nculial state. The icsisLance Lo this stiam becomes 
active in pulling the tcmpoiaiy magnets back into their 
oiiginal state when icmovcd fiom the magnetic field It 
isnatuial to intcipicLthc tcims in/ symmetric to h in the 
potential cneigy function as purely magnetic energy, and 

* It is this (liscjepancy in sign that la the subject of Livens' criticisms, 
Sec Livens, loc cil 
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take the non-symmetuc term as the stiain. cncigy of tem- 
poral y magnetism 

In the case of a weak magnetic field the simplest 
assumption that can be made concerning induced magnet- 
ism IS that I follows the lincai law 

1 = 

then 

H = -{B - 4ir/o) 

where fj, is written foi 1 + 47rjtt' If we foim the scalai 
product of the vector, B + Airlo, with each mcmbei of the 
last equation and integiate thioughout all space, as in the 
previous case, we shall find that 


The total energy density in the tempoiaiy magnets is 
— 5 — . If there is no temporary magnetism in the field 

OTTfX 

52 

this becomes — and the last equation reduces to 

OT 





X6Tr^lQ^)dt 


since ix is unity m free space and also in the permanent 
magnets 

In the temporary magnetic media where Jo is zero, 


5 - (I + = fxH 


a relation frequently written If this relation is to hold 
in general, then /u is a very complicated function of the 
intensity H 

The factor, /i, introduced above and called the per^ 
meabthly, permits us to classify vaiious substances with 
respect to the effects produced on them by a magnetic 
field The permeability, assumed to be unity in free 
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Space, is unlike the dielectric coefficient m that it may 
assume negative values. Substances foi which this is 
tuie aie called dtaviagnehc. A medium foi which fx is 
constant and gtcatci than unity is called paramagnehc, 
while SL fenomagneke substance is chaiacteuzcd by having 
its permeability greater than unity and variable. This 
is a characteiistic of the vanous kinds of iioii. 

It is well to emphasize the fact that, in the theoiy of 
magnetic eneigy, wc aie still dealing with aveiage values; 
even the elemental y magnet is composed of many mole- 
cules The question of the nature of magnetism does not 
aiise heic. To establish a thcoiy of the nature of mag- 
netism on the election hypothesis, it is ncccssaiy to pick 
the atom to pieces. Then Rowland's experiment demon- 
strating the existence of a magnetic field accompanying a 
pine convection cuiient leads us to the conclusion that the 
iclativc motion of every bound electron in its oibit con- 
stitutes an electric cuiient with an accompanying mag- 
netic field. A confiimation of such magnetic effects is 
obtained thiough the moic refined measuring instiument, 
the spectrum. It is due to the fact that div B is every- 
wheie zeio, and that on the average the vector H has no 
vortices in the magnetic media, that we can conclude that 

the intcgial ^ B-Hdr, taken thioughout all space, 

vanishes if the magnetic field is pioducod by permanent 
magnets only, 

10, Dielectric Polarization. — Wc have seen (I, 13.6, 
13 7) how the electric potential <f) was determined from the 
souiccs of the intensity B\ these soiuces wcic found to be 
in those legions wheic div iS and divsJS were different 
horn zeio. This state happened at the true charges, and 
all points of a dielectric medium where the dielectric co- 
efficient e was a vai iablc point function, and at an interface 
of two isotiopic dieicctiics of difTerent dielectric constants. 

Under the electron hypothesis it is easy to understand 
just what happens when a dielectric is brought into an 
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electrostatic field The field intensity acting on the dielec- 
tric has a tendency to diive all piotons in the positive 
sense anc all the elections in the negative sense along the 
imes of intensity But since the dielcctiic is a non- 
conductoi, neaily all electrons aie strongly bound to the 
positive nuclei, and there icsults a strained condition in 
e le ecti ic, a displacement of the positive and negative 
c aigcs aiong the lines of intensity into a system of 
bipoles or double souices This stiained condition is 
hypothecated m the relation 



The potential <f}, whose negative gradient is the field 
intensity E, may thus be thought of as due, pai tly, to a 
surface layei of true electricity on the conductois, and 
partly to the polarized dielectric We shall call the con- 
tribution to the potential due to the true chaiges spiead 
over the siu faces of the conductors <!>o, so that 

00 = J 

Then the potential due to the dielectric polarization will be 
<f> We shall write P for the tntenstly of polanmiwn, 

or simply the polarization, and define it as the resultant 
moment of the moments of all doublets w umt volume, just 
as we defined the intensity of magnetization. Then that 
part of the potential due to the polaiized dielectric will be 
identical in form with the magnetic potential (4 1), or 


0 — 00 



( 10 . 1 ) 


where the integral is to be taken throughout all dielectiic 
media 

We now wish to express the polarization P m terms of 
the known vectors D and E, already intioduced. We can 
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easily do this if wc identify the ab6ve equation with the 
clectiic potential pieviou&ly obtained (I, 13.7) 


wheie 



p' = j~cliv£, 


CO = 


= -J- divs Et 


4:'ir 


heie the suifacc density o>' includes the suiface density of 
the tine chaigcs on the suifacc of the conductors The 
potential due to the polaii/cd dicloctiic thus becomes 


^ — <f)0 — 


f p'dT I f w'dcr f 

}rr +J.T- 


oidff 

r 


which we may wiite in the foiin 


<f) — ^0 = 


J_ r div Edr 

Airjr r 




1 r divsEda 

47rJo. r 

divs Dda 


J; 


(10.2) 


If we apply the ti aiisfoi mation theoicm 

div (f)U ^ (}) cliv u + u glad 

to the intcgial in (10.1) wc shall get the integrals 

r P j C div Pdr 

j chv„-</r -j^— ^ 

for the light membei of that equation. The fiist of these 
integials is tiansfoimcd by Gauss’s theoiem into the 

integral whe.o the mtegral is to betaken over 

the boundaiies of the media so that equation (10.1) becomes 




P nda 


(10.3) 


When we compaie equations (10,2) and (10.3) we sec 
that at all points of a dielectiic medium 

-div P ^ ~ -^diy E, 
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This differential equation is satisfied by the equation 

P =-4-E + D 

47r 

since div D is zero at points of the dielccti ic if no ti ue 
charges are present. We have also chosen the Z) positive 
so that the polaiization vanishes in free space, as it should, 

since here D = ~ E 
4ir 

At an interface of two dielectrics with different dielectric 
coefficients, n P becomes 

III' Pi + 02 • P 2 = — divs P 

If we compare the surface integrals ovei the surfaces of 
the dielectrics given in equations (10 2) and (10 3) we sec 
that ^ 

-divsP = A divs 

And since we are assuming no real charges in the dielectrics 
on their boundaries in general, the surface divergence of 

D vanishes at an interface between two dielectrics, so that 
again 

P =~ 1 £) 

which satisfies the condition that P vanish in free space. 
At the surface of a conductor bordering on a dielectric 
n P = w' - <0 

or . 1 

—divs P = ^ divs E — divs D 

the surface divergence degenerates at the surface of a con- 
ductor, since P E, and D are zero in the conducting 

medium The last equation may thus be written m the 
form 

where the unit normal n, at the surface, is directed into the 
conducting medium 
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Fiom these results we conclude that the polarization 
P is always given by the equation 

P = D -^E. (10.4) 

From equation (10.3) we sec that thesoiuces o£ the vectoi, 
JB, may be expressed by the equations 

p' = — div F, (o' = — divs P 

as well as by the foims pieviously given (I, 13 4). 

The fictitious clectiic density or the polarization effects 
aie thus seen to be due to the constitutive electric charges 
of the dielectric. In this sense the fictitious density is a 
true electric density. In the normal state every clement 
of a dielectric is electrically neutial , but when placed in an 
electric field the electric coipuscles constituting the medium 
are shifted in such a way that evciy volume element is 
chaiged oi becomes a ical souicc foi the clectiic intensity. 


EXERCISES 


(1) Give a second independent deduction for the potential 
of an elementary magnet 

(2) Use the full foim for the potential of a small magnet in 
deducing the potential foi the continuous distribution of mag- 
netism, thus showing how the second and highci order terms 
diop out in applying the fundamental law of the integial calculus. 

(3) Give a diiect pi oof foi the conveigence of the double 
layer potential if <I> is constant ovei tlic shell 

(4) Pioduce the details of the pioof that 

w„=‘h( I grad fdr, 


by bringing the doublets up fiom infinity, as suggested in 
the text 

(5) Finnish the details of the proof that the integral 


/ 




0 when extended throughout all space, as suggested 


in Art. 8. 
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CURRENT ELECTRICITY 

1 The Electric Current. — If the chaigccl plates of a 
condenser be connected by a coppei wiic, a ciuieiit called 
the conduction current will flow thiough the wue, and in a 
fi action of a second the condensei will be dischaigcd 
The sense of the current will be defined as positive fi oni the 
positive to the negative plate thiough the condiictoi , the 
sense of the curient thus agiees with the sense of the lines 
of intensity, E, or the positive sense of the cm i cut is the 
sense in which a positive charge would be diiven thiough 
the wire 

Before the contact is made there is a definite diffeiencc 
of potential between the two plates, oi between cveiy two 

points of the field, defined by the line integral — E^dr, 

This ^ difference of potential depends on the initial and 
terminal points only , it is independent of the path and of 
the time During the discharge of the condenser, how- 
ever, there is no difference of potential in any proper sense; 
the intensity, E, becomes a vector point function varying 
with the time, and the line integral is thus no longei inde- 
pendent of the time In this case, the line integial is 
called the electromohve force If the plates of the condenser 
are connected with a voltaic cell, the charge on the plates 
may be maintained constant. In this case a constant oi a 
steady current will flow through the wire, the intensity, E, 
will be independent of the time, and the electromotive 
force again becomes the difference of potential. 

Every change in a current affects the field intensity 
at every point of space The effects of the change are not 

76 
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immediately discei ned at a distant point, for it takes time 
foi a dibtui banco to tiavcl fiom the conductoi to the point. 
In many cases this delayed cflcct may be neglected, this 
IS done by assuming that the adjustment is made so quickly 
that the cun cut may be icgaided as steady at that instant. 
When such conditions pcisist the cun cut is teinied quasi- 
stationary, and the c m f. at a given instant is the diftei- 
ence of potential of the field at that instant 

2 . Current Strength and Current Density. — In the 
pioccss of elccti olysis, which is known to evciy student of 
elemental y physics and cheniistiy, the clectiolytc is Ionized, 
It is continually being decomposed into positively and 
negatively chaigcd pai tides oi ions The anion oi nega- 
tive ion appeals at the anode, at the electrode oi plate where 
the cuiient cnteis the electiolyte, while the cation, the 
positive ion, appeals at the cathode oi at the clcctiodc 
whcie the cun cut leaves the electiolyte Theic is a con- 
tinual diift of the ions thiough the electrolyte along the 
lines of intensity. The positive sense of the cuiient 
thiough the electiolyte will evidently be fioin the anode 
to the cathode. 

To aiiive at a moic exact definition foi cuiient or 
current strength, we shall considci an element, da, of a 
gcomctiic suiface acioss the electiolyte. If Nt positive 
natuial unit chaiges, e, cioss the clement of suiface dining 
the time dt, with a velocity Vi, then this quantity, of 
elccti icity will be contained in a cylindci whose volume is 
dtVt nda, v,dt being a diiectcd clement of the cylindei 
and da cos (Vt,n) a light section. If the quantity p, is 
the elccti ic volume density of the elccti icity which crossed 
the suiface clement with the velocity v„ then the quantity 
of electricity, N,e, may be given as the pioduct of the 
volume density and the volume of the cylmdei, oi 

NtC = dtpxVx nda. 

The density, p„ is the niimbci of such chatges per unit 
volume, 01 if the geomctiic suiface inteisccts some of the 
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unit charges, then, moie generally, p, is chaigc pei ^ 
volume, On the other hand, electrons ciossing the 
surface element with the velocity —u,, dining the 0< 
time interval, dtj would be equivalent to the same nuiTi 
of positive unit chaiges crossing in the positive sc 
Or revising the volume density, p„ to include the addilu 
positive chaige that we may include in the cylinder, 
may say that the total charge crossing the suiface elei'f 
in positive sense is given by the equation 


(iV, + n)e = dtp.v.^ndff. 


If we take into account all quantities of electricity cios? 
the whole surface a with their various velocities diu 
the time interval dt, and call this quantity dq, then by 
fundamental law of the integral calculus we shall have 


dq - dt = dt C pv^nda 

1 J a 


foi the quantity of electricity crossing the surface. If 

write J for the differential quotient, then 

dt 

^ = -\-J' pV'tidff, 


The quantity J , or the charge crossing the surface pei i 
time, is called the current strength^ or simply the cut' 
across the surface The vector quantity, pv, from its 'v 
nature is called the current density or (since the charges 
convected or transported by matter) the convection < 
rent density. 

3, The Conduction Current, — On the electron hyp< 
esis, the current through a metallic conductor is a coii^ 
tion current, It has been pointed out that the proto 
never dissociated from matter, and the electron, on 
constitutive theory, like the proton, is a part of all mat 
So if we had taken the surface tr, across the conductor j < 
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ing the plates of the condciisei, we would have arrived at 
the same result r 

/ = j pv>nda (3.1) 

The conduction ciirrcnl density^ which we shall indicate by 
the vectoi z, is thus seen to be the convection cuiient 
density thiough a metallic concluctoi. It is now quite 
gcneially believed that the diift oi diffusion of elections 
only, thiough the conductoi, constitutes the conduction 
cm lent. The elections in the conductoi that aie fice oi 
loosely bound to positive nuclei aie diiven thiough the 
mateiial of the conductoi towaids the positive plate, 
these aic icplaccd by the elections fiom the negative plate 
till equilibiium is established. That this is so is evidenced 
by the fact that the electron is moic mobile than the pioton 
and the election is the same wheievci found; so that a 
diift of elections fiom one conductoi to anothci of different 
material would not change the chaiactei of the mateiial. 

4. Maxwell’s Displacement Current. — If the conductoi 
is a lineal conductoi, one of unifoim cioss-section, and if 
its mateiial is isotiopic, the lines of intensity £, oi the lines 
of flow, will be paiallel to the axis of the conductoi, and the 
cm rent will spiead out iimfoimly ovci the ci oss-scctions. 
This is a natuial assumption, since the most diiect path 
from condcnsei plate to condensei plate thiough the wiie 
is pcipcndicular to the cioss-sections of the wiic. Dining 
the dischaigc of the condensei the cuiicnt stiength, /, 
acioss a light section of the conductoi, will be just equal to 
the time late of dischaigc of the positive plate, since the 
flux of the cm lent density, i, will be a maximum foi these 
normal sections. 

Thus, if we enclose the positive plate of a paiallcl plate 
condenser by a sui face a-, which encloses the positive plate 
only and which cuts the conductoi in a light section, then 
the charge on the positive plate will be given by the 
equation 

g « 


X 


D'lxda' 
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according to our revised clectiic flux tlieoiem, and 
dt J „ dl 

IS the time rate of dischaigc of the positive plate 


But 


dt 


is here negative, since nda is a dcci casing function 


of the time during the dischaigc of the positive plate 
We thus see that 

-F 


J 


dl 


nda 


and since i is zero at all points of <j except whcie this suiface 
intersects the conductoi , we may wi itc 


or 


X' 


(4 1 ) 

Since i is current density, it is natuial to intcrpiet — as 

dt 

current density, it is in fact Maxwell’s dtsplacement cur- 
rent density It represents the time late of change of flux 
of the displacement through an arbitral y suiface element 
at a point of the dielectric pei unit aica, or it is the time 
rate of change of the displacement i> at a point of the 
dielectric 

S. The Total Current a Source Free Current. — If we 

write C for the current density i + and apply Gauss’s 

at 

theorem to equation (41), we shall get 


J' C nda = ^ div Cdr ~ 0 


To satisfy this equation we may assume that div C = 0, 
but this IS a sufficient and not a necessary condition. 
This result, however, leads us to Maxwell’s fundamental 
assumption that the complete current is everywhere source 
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ffee, or the vector hues of the vector C are closed curves ^ and 
diyC IS everytvhere zero This is a fai-i caching, simpli- 
fying assumption, to which A'laxwell owed his success, 
while contcmpoiaiy continental wiitcis became hopelessly 
involved 

To Maxwell, the conductoi and the diclectiic constituted 
a complete cuiicnt ciicuit, and the conduction cuucnt 
density found its counteipait in the dielectric cuucnt 
density, the sum of the two being the complete cuucnt 
density C, whcie 


Should a medium suppoit a conduction cm i cut, a displace- 
ment cuucnt, and a convection cuucnt at the same time, 
the complete cuiient density, C, will be given by the sum 
of theii icspective cuucnt densities, ox 

c = X -b -|- py. (5 2) 

If we legal d i xxs a convection cuucnt density, then the 
vcctoi I may lie omitted oi legaidcd as included in the teiin 
pv. In any case we make Lixe assumption that 

div C 0 ( 5 . 3 ) 

whcic C is the total cuucnt density This gcneial assump- 
tion of a souicc fiec cm lent will lead to satisfying losults 
in the sequel 

6. Ohm’s Law.—If we legaid the diift of the electrons 
through a conductoi as adiflusion piocess like the dilTubioii 
of one gas thiough anothci, then the foice piodiicing the 
motion, instead of being piopoitional to the accclcialion, 
is pioportional to the velocity. Undei this assumption, 
we have foi an isotiopic conductor, since i ~ pu, 

i ( 6 . 1 ) 

wheic the constant k, called the conductivity, is a constant 
of the matciial of the conductoi and subject to experi- 
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iiUMilal (iotprminatum. KqiuUltm ((* U 5^ uMJ.illy rrfiTinl 
to as llu‘ (lidi'H'iUuil fmm t»f ()lijn'‘^ law. 

To ol)Uuu llu‘ foini wo will imilhplv o(|iia(init 

(6.1) feaiUuly by (ho voilor dm or wluir n i t iltr 

unit normal lo llu* mu fan* oloninH f/tr. If wo inhKtoio 
tluoughout a w'KUU'Ml of (In* i'funlin lor br(w»'ni iho 
normal strlums through (he poiius l\ ami /S, !\ briii^ a 
point of lown* potiMUial tlian /^, wo litnl lliat 



t-tuiffd^ 



• ndtfd\. 


If we assume that the ninonl U nloaily nml (ho tomliioior 
isotropic, then Un a (oiuhioUu of unlfoini oiohm (ion ilio 
Older of integiation is imnmtoriul. \\V itiav (hiH write 
the above double integrals as iterated iulegiaU mul in the 
foi ms 



where we have written dr for its ofiiml dsn, "I ho 
face intcgial is the cm rent Htrenglh J, u ooimtant, mi ihul 
the left niembei becoineH -^sj, 'riu* negative mgn is litre 
to the fact that the line mteguil from /*i lo /*3 in in n 
jusl. opposite to the sonae of the cuni'itl, no if s i*s (ukeit 
positive fiom Pa to Pi, which is the posiiivt* nf*nw of llie 
current, then it is negative when luetmured fioni Pi lo /*a. 
Since ^ w — giad (f), it will lie clear dial the right iuemlK-’’r 

18 r^i), or upon equating these rciiulls we firul 

that 

08 ““ 01 ' J 

Kff 

or 

0a — 01 m JIJ 
when wc write R for — , 

K(r 


(6,2) 
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Equation (6.2) is the intcgial form sought The new 
factor, Rf is called the icsistaiice It is seen to be ptopoi- 
tional to the length of the segment of the conductoi and 
inveiscly pioportional to the pioduct of the conductivity 
and the ci oss-scctional aica. It also depends on the chai- 
acter of the inateiial, and like the conductivity, it may be 

expel imentally dctci mined The facLoi ~ is sometimes 

K 

refeiied to as the resistivity. 

The integial foim of Ohms law is usually given as an 
empiiical foimula, its validity has been veiy caiefully 
tested. The diffei ciitial foini i.s applicable to evciy type of 
conduction cuiicnt and also to eolotiopic condiicLois. If 
the niateiial of the conductoi is eolotiopic the conductivity 
may be a homogiaphy, and the cuiicnt density a linocU 
vectoi function of the intensity. 

7. Kirchholf’s First Law.— If wc apply the assumption 
of a souice fiee cuiient to the situation consideied in equa- 
tion (5.1), then 

div C s ^div H- -"j « 0 (7.1) 

where we have leplaccd div D by p, the clcctiic volume 
density. For a steady cuiicnt llowing in an isotiopic 
lineal^ conductoi the displacement D, and theiefoie the 
electiic volume density p, will be independent of the time, 
so that equation (7.1) i educes in this case to 

div i « 0. 

This is Kiichhoff's fust law. It cxpiosscs the facts that in 
case oj a steady current (here /v no l>iling uf) of either positive 
or negative electricity in any volume element, and that the 
current strength, J, across evciy section of the conductor is 
the same. These aie the lesults to bo expected fiom a 
steady cut rent, in fact, if thcic wcie a piling up of electiic 
charges in some volume element of the conductoi, the 
intensity, B, would change, and the cuiicnt would cease 
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to be steady We may also conclude that the lines and 
tubes of intensity outside the conductor, which terminate 
where the density p 0, must teuninate at the suifacc 
of the conductor Experiment shows that this external 
field is static and takes no pai I m conduction. 

We have seen (I, 14.1) that at an mteiface 

|i?i| sin di = |£! 2 | sin 

So if E 2 is the intensity just inside the suiface of the con- 
ductor, E 2 will be paiallel to the suiface, and the angle 

a 2 will be and theiefore l-Bi] sin ai = \E 2 \. So in gen- 
eral the intensity, Ei, is oblique to the suiface of the con- 
ductoi. For a perfect conductoi, Ei could be noimal to 
the surface, in this case the resistance would be zeio and 
the conductivity infinite Also since 

~ = 0 
K 

the angle ai must vanish, making noimal to the surface 
of the conductor in this case Since the displacement and 
the electric intensity aie parallel foi an isotiopic dielectric, 
the displacement lines and tubes will in general be oblique 
to the surface of the conductor. 

For a variable current, equation (7.1) operates, or in 
every volume element there is an electric volume density 
changing with the time, as we might expect. 

8 The First Fundamental Law of Electrodynamics. — 
In 1820 Oersted discovered that the electric field of the 
electric current, unlike the electrostatic field, is always 
accompanied by a magnetic field The lines of magnetic 
intensity, /f, are closed curves threading the circuit. The 
sense may be determined by grasping the conductor with 
the right hand, the thumb in the positive sense of the 
current; the fingers will then be pointing in the positive 
sense of the lines of magnetic intensity The experiments 
and discoveries of Oersted were interpreted three years 
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later by Ampdie in his fimdamcntal mcmoiie on elccUo- 
clynamics * 

His principal deduction may be stated as follows 

If a current flows in a small plane circmi^ the magnetic 
fleld produced at points whose distances from the circmi are 
large compared to the dimensions of the circuit may be repro-^ 
duced by a small magnet with ils center in the plane of [he 
circuit and its a\,is perpendicular to the plane, and whose 
strength is proportional to the product of the strength of the 
current and the area of the circuit The substitution becomes 
the closci the smallei the ciicuit 

If we choose to mcasuie the cm i cut by its magnetic 
effect, we may define unit cm i cut as that cm lent flowing 
in a circuit of unit aiea which pioduces at its ceiitci a 
magnetic moment of one unit. Thus one (c. c. m.) unit 
cm lent is a cm lent flowing in a ciicuit of one squaic 
centiinctei aica pioducing one (c c. m ) unit moment. 

The above deduction liy Amp6ie may lie applied to 
every ciiiient ciicuit by conveiting the circuit into a sys- 
tem of mesh cucuits, ic, into a netwoik of condiictois 
having the oiiginal ciicuit foi the boundaiy of the net. 
The cunents in the mesh ciiciiits aie assignecl the same 
strength, /, as that of the oiigmal cm lent. That the sys- 
tem of mesh cunents is equivalent to the oiiginal cuiient 
is seen fiom the fact that all mesh cunents will cancel ofT 
since evciy segment of a mesh plays the i6lc of condiiclor 
for two cunents of equal stiengths but of opposite sense, 
thus leaving the oiiginal ciincnt, /, in the oiiginal ciicuit. 
Accoiding to Ampciie’s piinciple, each mesh cuiicnt may 
be icpiaccd by an elemental y magnet of sticngth J whose 
center is m some suiface containing the net and whose 
axis IS noimal to this siuface. As the numbei of meshes is 
mci cased without limit, the aiea of the suihicc hounded 
y each mesh ciicuit appi caches a plane aiea as its limit 
and the dlstiibiition of magnets leplacing each successive 

pl»<jiiom6ncs dlcctio dymiiniques," Memones do VInstilul, 
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mesh system approaches a magnetic shell of slieiigth J as 
its limit. We are thus led to Ampule’s fiindanieiilal 
theorem 

The magnetic field prodticed by an electric current Jloiviug 
through a linear conductor may be produced by a inag 7 ielic 
shell whose boundary cotnctdes with the co7iductor and whose 
strength is eqiial to the strength of the current measured in 
electromagnetic units. 

Such a shell and its corresponding circuit will be spoken 
of as equivalents 

We found that the magnetic potential 


^ = J'Vacl i dr = - dr 

IS a unique single valued function of tlio point P, inde- 
pendent of the path of integration So if the integial is 
taken from the point P, aiound a contour back to the 
^mt P again, the contour integral is zeio, even if the 

fh through the shell But we have 

^n that if the strength of the shell is J, this contour 

the^si/m'^^^® by W in passing thiough the shell in 

lines^nf m ^ Positive direction of the 

nes of magnetic intensity Thus if the shell is replaced 

by Its equivalent circuit the integial Tgrad f dr, taken 
path intersected thp • contour integral whose 

the cStce thread- 


J^grad p dr ^ - j ^ 
From this we have the relation 

H dr ^ AttJ 


H dr = — 4:TrJ 




u-u - 

Which expresses the fart tLof 

netie field in driving a postte^" T ''“f 

S a positive unit magnetic pole around 
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a current once is just equal to 4 t times the sticngth of the 
current measuieci in (c e m.) units Equation (8.1) is 
ftequcntly called the first law of circulation. 

In the case of a magnetic shell the field intensity, H, 
was the negative giadient of a single valued potential 
function, in which case cuil H ^ 0, This lesult depends 

on the fact that the circulation intcgial \ H dr h in- 

.yo 

dependent of the path of intcgiation. If the magnetic 
shell be leplaced by its equivalent ciicuit, cuiliir will no 
longei be identically 7cio, H will still be the negative 
gradient of a scalar point function, but not a single valued 

point function. The cii dilation integial ju dr, is no 

longei independent of the path of intcgiation, it inci eases 
oi deci eases by 47rT cveiy time the path of intcgiation 
threads the cuiient ciicuit Thus the multiple valued 
potential due to the cuucnt ciicuit is the potential due to 
the equivalent shell plus 4:TrnJ, wheic u is some positive 
or negative integci . 

If wc apply Stokes’ thcoicm to the left nicmbci of the 
last equation and wi itc the iiitcgi al X' nda foi the cuucnt 
sticngth J, equation (8.1) will take the form 

^ cm 1 H> ndar ^ ^ 

If the contour bounding the sin face a be conti acted to 
coincide with the boundaiy of tlic element rfo*, at a point 
in the conductoi, the above i elation will still peisist foi 
the clement, and since the oiienlation of the clement is as 
arbitral y as the suiface 

rot K = 47rl 

which is AmpSio’s law. If the ciiticiit / itad been meas- 
ured in (c. e. s.) units, then the cii dilation integrai would 
have been proportionai to the diircnt atiength J muiti- 
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plied by 47r, If we intioducc the piopoitionality factor — 

c 

(8 1) will become 


^ lot H 


ndff = ~J 
c 


( 8 . 2 ) 


and Ampere’s law will be given by the equation 


lot H = ~i 
c 


where the factor - then depends on the choice of units 
c 


This result is perfectly consistent, foi we aie consid- 
ering a steady cuirent m a lineai conductoi. In this case 
we have seen (Art 6) that div i is identically zcio, this, 
then, accords with the fact that the left membei of equa- 
tion (8 3) IS curl H, a solenoidal vectoi whose diveigence is 
always zero If, on the othei hand, the conduction cur- 
rent IS variable, the conduction cuirent is not the total 
current, and the vector t is no longer solenoidal. Equation 
(8 3) in this case would not be tenable But we have seen 
that the conduction curient was completed by the dis- 
placement current, and that the conduction curient and 
the displacement current together constituted the com- 
plete source free current. We thus geneialize Ampere's 
law and write 


curl H = ^(, + ^ 
C\ ' dt 


This equation is consistent since each member is a 
solenoidal vector, the left membei identically so and the 
right member on the assumption of the complete or total 
current being source fiee Equation (8 4) is the first funda- 
mental equation of the Maxwell theory foi stationary 
media It is the natuial generalization of Ampere's law 
and the one Maxwell made. 

In applying this generalization to an arbitrary surface 
element, da, we will have the work done in caxrying a 
positive magnetic pole once around the boundary of the 
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element piopoitioiial to the total cm i cut flowing through 
the clement If theic is a conduction cm rent only, thiough 
the element, equation (8 4) reduces to Ampule’s law If 
the clement is outside a conductor the genei ahzation 
1 educes to Ampule’s law applied to a displacement current 
thiough the clement If the conduction cmient is steady 
the displacement cm rent thiough the siiiface element out- 
side the conductor vanishes, and so also docs the woik of 
cai lying a magnetic pole around the element, which agiees 
with the fact that the intensity, is a potential vector in 
a static clcctiic held. 

9. Power and the Impressed Electromotive Force. — 
To peipctuatc the motion of a mechanical system, unless 
the system is ideal, outside foices called impiessed forces 
must be applied to the system to icplacc the eiieigy 
losses due to fiiction The situation is very similai m the 
case of the elcctiic cuiicnt, foi the electiic held of the elec- 
tiic cm lent is not only accompanied by a magnetic held, 
but thcic is also a dissipation of cneigy m the conductor in 
the foim of heat If we think of the mechanical interpre- 
tation of heat we sec in the diffusion of the electrons and 
thcii collisions with the molecules of the conductor an 
explanation foi this tian&foimation of encigy of the electric 
cm lent into unavailable heat cneigy 

In oidci to consci VC a cuiient in a conductoi by replac- 
ing the encigy dissipated in heat and by supplying the 
eneigy used up in woik done by the elcctiic curicnt, 
eneigy must entci the ciicult fioni an outside souice 
The power pei unit cuiicnt oi the Ume rate per umt current 
with %vhich energy enteis the current circmt ts called amm- 
pressed elect) omotive force. The maintenance of the current 
is due to this eiccti omotive foi ce. If the agent (the dynamo- 
voltaic cell) tiansforming eneigy of some other kind into 
the eneigy of the elcctiic cmient is capable of the reverse 
process of tiansfoimiiig clcctiical into mechanical energy, 
the c m.f. is called an intrinsic e.m f This impressed 
electromotive foicc produces an impiessed electric intensity, 
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Ef in the conductor The vector lines of the vector, E, 
are stream lines oi lines of flow. 

The work done in driving a positive electiic charge 
through a conductor from a point 1^2 to a point Pi of lower 
potential is 

W ~ q i E dr — — q I E dr. 

Jpt jp\ 

But this is the necessary energy supplied to do this woik. 
Thus the power per unit current oi tunc late per unit cur- 
rent with which energy is supplied is 

_dW _ 

J dt dt dq ~ 

dt 


which identifies the impressed electromotive force with the 
electromotive force as previously defined 

10. Joule’s Law. If a steady cm lent is flowing in an 
isotropic conductor and just enough energy is supplied to 
cover the dissipation in heat, then since the energy sup- 
plied will be just equal and opposite in sense to the energy, 
i?, dissipated in heat, we may write 


1 m 

J dt 


im 
J dt 



If we apply Ohm’s law to the light member of this 
equation we find that 


or 


J dt 


(<^2 


4>i) JR 


dH 

dt 




( 10 . 1 ) 


which is the usual form for Joule’s law. This law was first 
deduced experimentally by Joule and formulated correctly 
by him.^ We may state the result as follows If a steady 
current is fiomng tn an isotropic conductor the time rate of 
dissipation of energy tn the form of heat tn the conductor ts 
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equal to the product of the resistance and the square of the 
current strength 

The counter electromotive foice, —JR, is a passive 
e.m f in that it has no independent existence of its own, 
it comes into being by vu tiie of an impressed e m f , and 
in mechanics coi responds to a passive lesistance It is 
also non-inti insic since the dissipated energy is not capable 
of being transfoimed back into the eneigy of the electric 
current. 

To deduce the diffciential foim of Joule’s law we apply 
equation (10.1) to a volume element, an elementary cuirent 
tube of length ds and cioss-scction da If we use Newton’s 
fluxion notation we shall have 

dl-I {t-nda-y ~~=~ — 

Kda hdd 

= -i^dffds 

K 

or if we replace i by its equal kB we may write 

dll = ~ KE^dr (10 2) 

or the time rate of dissipation pei unit volume is -- kE^ 
This form of Joule’s law is applicable to eolotropic con- 
ductors and to every kind of conduction current 

11. Kirchhoff^s Second Law. — For completeness we 
should considei anothei important law due to Kirchhoff 
It states the fact that for a network of conductors, con- 
nected in series and carrying steady currents, the sum of 
the intrinsic e.m f ’s in the segmental circuits is equal to 
the sum of the products of each current by the resistance 
in the circuit segment carrying the current. 

We shall suppose that the circuits are connected at 
points, 1, 2, 3 . we may then designate the intrinsic 

e.m f., the voltage, the current, and the resistance in the 
circuit 4 d" i,i, by <, di+iu and Rt+i.u re- 

spectively, Thus for this circuit we shall have 

t H" i “ R’i+l.if *^<+1, < 
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If we sum this equation for all cii cults of the net we shall 

get 

since 

210 ~ 


and the line intepal, being oui potential function which is 
independent of this path of intcgiation, is identically zero 

contour This then completes the pioof of 
Kirchholt s second law 

Electromotive Force.—Faiaday found 
that if the lines of magnetic induction aic cut by a con- 
ductor an electric current will flow thiough the conductor, 
buch a curient is called an %nduced current The electnc 
intensity set up in the conductor is called an induced 
electnc tntensUy, and the coriesponding clectiomotive foice 
an iice c.m f Since m this case cneigy is tiansfeiicd 
rather than transformed the induced e m f. is non-intriiisic. 

13. Faraday s Law — Fai aday's expeiiments led him 
o the conclusion that the induced elcctiomotivc foice 
necessary to drive the curient in the circuit depended on 
e chan^ in the flux of the lines of induction through the 
circuit The results obtained by Faiaday and summarized 
by him may be stated as follows 

The induced electromotive force set up m a conductor w 
equal to the Hme rate of decrease tn the number of hues of 
vndiicttofi thT6(idt}tg ths 

The number of lines of induction tin ending the ciicuit 
IS just equal to the number passing through an arbitrary 

But this 

number, iV, is defined by the equation 

JV = 15 niff 


where the integral is the total flux of induction through 
the arbitrary surface having the conductor for its boundar^ 
The number N, so defined, is independent of the choice of 
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the surface <r; for the flux is the same thiough every such 
suiface since div B is identically zeio 

Confoiming to the ideas and expci imciits of Faiaday 
we define the induced clectiomotivc foice as the time rate of 
decrease vi the uumher of lutes of viductiou threading the 


current circuit, oi 


dN 

dt 



This then is the time rate pei unit cm lent with which 
energy enteis the ciictut So if we wiitc the vector E 
for the induced elcctiic intensity induced in the ciicint, 
and measure this intensity in electi oniagnetic units, the 
induced electromotive foicc alicady defined will also be 

given by the contoui integial dr, taken around the 
circuit so that 

Ce dr = 

If the intensity, E, is measuicd in elcctiostatic units, and 
the induction, B, in elcctiomagnctic units, we must intro- 

1 

duce a proportionality factor, p, and write 


If we tiansform the left membei of this equation into 
a surface integral, by Stokes' theorem, we may write it in 
the form 

J^curl B nd(T = ^ (12.3) 

Since the surface a is arbitiary, these integrals are identical, 
so that 

(12 4) 


IF ^ 

cuil^ 
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Tills is the differential form of Faraday’s law and the second 
amen al equation of the electromagnetic theory This 
equation is self-consistent since div B is identically 

In the electrostatic ffeld £ is -grad 0, and cuil E is 
therefore identically zero But m a vaiiable electric field 
we see (12 4) that in general curl E 0. Thus the cir- 
culation integral Je dr is different from zeio. 

That equation '’(12 4) holds for every surface element. 
V, IS a natura assumption to make, for if the induction, 

, St the eiement, the e.m f around the element 

would be different from zero if a conductor were there, 
nee a current would then flow through the conductor. 

>s thus assumed that Faraday's law holds for every 
surface element 

../t Of the Universal Constants c 

HAfi electromagnetic unit pole as 

in express all magnetic quantities 

^ ^^^^^^^Snetic units, just as we were able to 
P ess all electrical quantities in electrostatic units. The 

f see, are related through 

ni ion or the electromagnetic unit current strength, 
we measure all magnetic quantities in free space or 

dimensional equation for 
rquatLn ^ ^ dimensional 

[m] = [F^L] = [M^D^T-^] 

since the magnitude of the repelling force, F, between two 
hke magnetic poles of strength m, is We are here 

'*«‘'‘''ed dimensional unit force. 

J IS a'®'' the fact that a quantity, 

we will write h ‘“ electrostatic or electromagnetic units, 

m in the latter « ‘n the former case, and 

n the latter Thus Amp^’s law (8.1). when the cur- 
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rent, J, is expressed in electiostatic units, may be written 
in the form 


i 


H dr 



(13 1) 


where - is the constant of pi opoi tionality already intro- 
c 

duced in the diffeiential form of Ampere’s law The left 
member of equation (13.1) is work per unit pole strength, 
expressed dimensionally it is 


[FL] 

[F^L] 


= [F^] 


The factoi X == ^ m the light member is 
at 

dimensionally by the equation 


so that 


[/J = {F^LT~^\ 


W = [ir--] 


given 


or the constant c has the dimensions of velocity 

If, now, we divide equation (8 1) by (8 2) we will 

find that 

c = i ^ ^ (13 2) 

J m d^m 

Thus if an electric charge be measured in electrostatic 
units and the same charge m electromagnetic units, the 
quotient of the former by the latter will furnish the numeri- 
cal value of the constant c. This universal constant has 
been very carefully determined, its value is estimated to 
be the velocity of light in free space, 3 X 10^® cm /sec. 

If we use Faraday’s law in its integral form given by 
equation (12.2), and write it out dimensionally, we ni^ay 
show, just as in the case of the constant c, that c 
the dimensions of velocity If we multiply equations (12 ) 
and (12 2) by and 2^. respectively, where qn. and q. 
represent the same chaige expressed numerically in ditter- 
ent units, the left members of the resulting equations wi 
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each be woik expressed in eigs Tlicy aie thus equal, so 
if we subtract these two resulting equations we will had 
that 


which identifies the constants c and c' 

The relation (13 2) is a consequence of oui definition 
for electromagnetic unit cuiient This equation indicates 
the relation existing between the two sets of units. The 
velocity of light acts as a modulus foi changing quantities 
measured in electromagnetic units into electrostatic units 
14. Maxwell^s Equations. — In the picvious sections 
we deduced the electi oraagnetic field equations of the 
Maxwell theory for stationary media. We found these 
equations in the form 


curl H = 




curl E 


1 ^ 
C dl 


(14.1) 


div D — p 
div B = 0 

wherein all electric quantities are to be measui ed in (c e.s ) 
units and all magnetic quantities in (c e.m ) units These 
are Maxwells equations They aie inadequate for the 
determination of the electromagnetic field at cveiy instant, 
t ^ But for an isotropic medium in which a liiieai i elation 
exists between the intensity of magnetization, /, and the 
magnetic intensity, 27, we have the additional conditions 


D - 



B = pH f 


(14 2) 


I = kE J 

where the constants e, p, and k aie to be determined 
experimentally. 
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These equations, (14 1) and (14.2), aie suitable foi the 
solution of many pioblcnis, but they aie veiy much 
restricted in their applicability by the assumption that 
€, (X, and K aie numeiical constants And then in thcii 
determination Maxwell lecognlzcd the fact that then 
values, determined by the use of a steady elecLiomagnclic 
field, would not be applicable to a lapidly changing state, 
as in the case of light. 

Maxwell not only computed the value of the univeisal 
constant c, but also piedicted that light waves wcie elec- 
tromagnetic This piediction of Maxwell was confiimcd 
by Hertz in a senes of laboiatoiy expeiiments in which he 
produced electiomagnetic waves which wcie icflccted, 
ref 1 acted, and polaiized, thus showing that electiomagnetic 
waves were tiansveise waves, and except foi a difference 
in wavelength weie analogous to light waves 

If we substitute equations (14.2) into (14.1) we obtain 
the field equations 

curl H = 

. rt W OH 
curl £ = — 

c at 

div ixH — 0, div eE = 0, 



the form given by Heaviside and Hertz In a medium 
where there is no conduction cuiient piesent the electro- 
magnetic field will be defined by equations (14 3) aftci 
the conduction cuiient kE is put equal to zeio. The 
equations then assume the simpler foi m 



for media where c and (x are constants 
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When we take the curl of each member of the first of 
equations (14.4) and substitute foi cuil E fiom the second 
we find that 


—rot rot H ~ ^ 

And since div H is identically zeio, if ^ is constant, 

— rot rot H ^ gi ad div H — rot rot JJ 
so that we may write the above equation m the foi m 


A'H ~ ~ 

dt^ ‘ 


(14.5) 


In exactly the same way we find that the electric 
intensity, £, satisfies the same equation, or 


A'E = 

a/2 


(14 6) 


These differential equations (14.5) and (14.6), define 
the electromagnetic field at all points of the media; at a 
bounding surface where e or ju or both change their values, 
the electric and magnetic intensities satisfy special bound- 
ary conditions (I, 14 1, II, 7 4) as we have seen before, 
hese equations are also typical wave equations The x 

coordinate, £*, of the intensity E evidently satisfies the 
equation 


and the other coordinates of the vectors E and H are 
similarly defined. If we assume that E. is independent of 

the coordinates y and s, and write L for the constant 


the defining equation for this coordinate will be 

d^d ^ 

1(2 (14.7) 

The well-known solution of this equation is 

+ ( 14 . 8 ) 

the functions /i and /2 being arbitrary. 
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If we considei the special solution, 

(U9) . 

(and that this is a solution of (14.7) is easily verified by a 
direct substitution), it may be shown that this is a wave 
propagated along the axis OX in positive sense with the 
velocity of piopagation equal to a. In fact, the necessary 
and sufficient condition that the function 6, given by equa- 
tion (14.7), is a wave piopagated along the axis OX m 
positive sense, is that the quantity a is the velocity of 
piopagation along this axis In positive sense 

To show the necessity of the condition, we will write 
the oidinate at the time t ~ h, coi responding to the 
abscissa x = ; if we use a corresponding subscript in 

wilting the oidinate we will have 

If during the time 8t, the wave has traveled in positive 
sense thiough the distance 8x, the tune t will be h + 5t, and 
the new x coordinate Xi T 8x, so that the ordinate 02 will 
now be given by the equation 

fl2=/((l+ U - 

But if the wave is piopagated without change of form these 
two oidinatcs, 0i and O 2 , aie identical, and this is seen to be 
so if for every arbitrary time Interval 

a 

or since aU is the space, hx, passed over, the quantity a> is 
the velocity of piopagation. 

To prove the sufficiency of “the condition, we need only 
show that every ordinate, 0, does not change with the time, 
when the quantity a is the speed with which the correspond- 
ing abscissa increases ; the speed a is here then the velocity 



100 


CURRENT ELECTRICITY 


of propagation At the instant lu the oicUnatc 0\ will be 
given m terms of its coi responding abscissa, Xi, by the 
equation 



as before If during the time 5/, the abcissa Xi has 
increased by we will have in geneial a new 0 defined by 
the equation 

e. =/(/! + M - 

But since the speed a is the velocity of piopagation, 

H = a8L 

This result substituted in 02 identifies it with Oi, oi cveiy 
ordinate, 0i, travels along the axis OX, in positive sense, 
with a velocity a, without change of magnitude. Thus 
the whole wave is propagated in the positive sense with 
velocity a, without change of form 
We must also legaid the equation 

as a wave propagated along the axis OX, with the velocity 
of propagation equal to —a. Equation (14.8) then icpie- 
sents two waves tiaveling in opposite senses. Should the 
wave form repeat itself peiiodically, oi, what is the same 
thing, if the function / is a pei iodic function, possibly a 
sine or cosine function, then at the point of the OX axis, 
the ordinate 6i will repeat itself peiiodically. Physically 
we would say, at the point Xi, the electiomagnctic distuib- 
ance is a periodic distiu bailee or a tiain of waves A dis- 
cussion of the solution of the more general equations (14.5) 
and (14 6) will be considered in a later chapter; however, 
sufficient has been done to show that the theory pi edicts 
that electromagnetic disturbances are propagated through 

material media, with a velocity equal to In free 
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Space wheic c == ju = 1, this velocity i educes to the velocity 
of light The extent to which these icsults are applicable 
will also be left to a subsequent chaptei . 

EXERCISES 

(1) Stall with the inlcgial foim of Ohm’s law and show how 
the diffcicntial foim may be deduced 

(2) Wiite out Maxwell’s equations foi free space 

(3) Show liow Maxwell’s equations involve clectiostatics as 
a special case 

(4) By a diiect substitution show that 

IS a solution of 

d^O 1 d^O 
dx^ ~ dl- 

(5) Discuss the fact that the equations 

Eg = a cos it(^l “ lU = O' cos«^/ — ^ 

= 0 

rcpiesent a polaiized plane wave Why a wave? Why a plane 
wave? Why polaiiml? 

(6) What is the basic assumption in current electricity? 
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THE DYNAMICS OF THE ELECTRIC CURRENT 

1. D’Alembert’s Principle and the Energy Equation. — 
If we considei a system of pai tides of mass w, (j = 1 . n), 

instead of a single paitide as m Chap I, Ait. V, we will be 
led through D'Alembeit’s principle to one of the most 
fundamental theorems of mechanics, namely, Hamilton’s 
principle If Fy and S» are the lesultants of the applied 
forces and the constiammg forces on the particle 
lespectivcly, the equation of motion foi the paiticle may 
be written in the foim 

m, /», - F, = S, (1.1) 

D’Alembert's insight into mechanical systems led him 
to observe that all virtual or possible displacements of the 
system (i e , those consistent with the constiaints) weie 
in general perpendicular to the constraining foiccs. Foi 
example, if a particle is constiained to move on a perfectly 
smooth fixed surface the constraining force is normal to 
the surface, and eveiy viitual displacement of the particles 
is tangential to the suiface Thus if 5r, is a viitual dis- 
placement of the particle m^ this observation of D’Alem- 
bert’s called D'Alembert's principle, or the principle of 
virtual work, is expressed analytically for the particle by 
the equation 

S, fir, = 0. 

If we sum for the whole system of pai tides, D’Alembert’s 
pimciple takes the analytic form 

M B 

r,' fir, - fir, = 0. (1.2) 
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Thus the constiaints, S,, are leally “ lost forces,” and 
disappeai fiom the equation of viitua! woik 

If we use the actual displacement, dr„ and integrate 
equation (1.2) between the limits h and I, we obtain the 
equation 



w,r, f4t = 



(1 3) 


If wc intei change the signs of summation and integration 
and pcifoim the integiation m the left member, we will 
have the equation of kinetic cneigy and woik in the foim 



For a conscivativc system of foices, 


( 14 ) 


i'’. - ~ glad W, 

and if we wiito T foi the kinetic cneigy of the system, 
following the notation of I, Ait. 7, equation (1 3) becomes 
the cneigy equation and may be wiitten in the form 


whcic 


T ~~ n w Wo 


is the potential cneigy of the system, or 


r -h Tf = To + IFo - 


a constant, Wc may observe again that the potential 
cneigy, W, Is the negative of the work done by the con- 
scivativc foiccs in an aibitraiy displacement of the 
system. 

2, Hamilton’s Principle. — To deduce Hamilton’s prin- 
ciple wc multiply the identity 

^(rr^r,) = r, fir, + 

= 5ir,2 4- rt fir, 
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by m^t, sum for all particles, and integrate between the 
limits /o and t\. We find that 

Sw.f. I (5r+ 

I '0 v /<0 

where we have replaced ^ ^w,r,* 5r, 

1-1 

by Its equal as given by equation (12) 

During the time mtcival l\ — ^o, the pai tides tiavel 
along a set of paths from an initial to a final state; the 
vector Sr, represents a displacement of the path of the fth 
particle Now if the initial and final positions of the system 
of particles arc fixed, the displacements of the end points 
of the paths are identically zeio The aibitiary displace- 
ments Sr„ of the particles at the instants h and /i, aic 
the displacements of the end points of the paths, and since 
these displacements are zero, the left membei of the last 
equation vanishes and we have the equation 

p(sr + V^’, hrMt = 0 (2.1) 

A TT? 


This is Hamilton's principle in its most gciicial form. 
For a conservative system of forces 

Sr, ^-SW 

i-1 

so that in this case Hamilton’s principle has the form 
5 C\t - W)dt = 0 

Jtfi 

If we replace T — IF by L, called the kinetic potential or 
the Lagrangian function, the principle assumes the simpler 
form 




Ldl = 0. 


( 2 . 2 ) 


This principle of Hamilton may be stated as follows* 

If the miHal and final configurations of a mechanical 
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system are fixed^ the time integral of the kinetic potential is 
stationary. 

Ihis bioad piinciple holds for non-conseivativc sys- 
tems also, but in this case the vauation of the kinetic 
potential must be leplaced by hT + 2^*, dr,. 

3 . Lagrange’s Equations.— Out of Hamilton’s principle 
(2.2) wc can easily deduce Lagrange’s equations of motion 
in geneializcd cooidinates We define a set of generalized 
cooidinatcs in the following way^ If the position of a point 
is given by the numbers {q,, , . q,), then these numbeis 
are called the gcncialized coordinates of the point. In 
this case r, will be a function of the =1 . . .s). 

The kinetic eneigy of a system of n pai tides in teims of 
the qi will evidently be 


whci c 


iml 


I-I '>-1 




» 



dYt dr, 

dq, dqi 


The kinetic eneigy, T, is thus seen to be a homogeneous 
quadialic function of the generalized velocities or motional 
cooidinates, while the coefficients aie functions of 
the positional cooidinates 5,. The potential eneigy, in 
general, will be a function of the positional cooidinatcs. 

Wc may now expicss Hamilton’s piinciple in generalized 
cooidinatcs; it becomes 



If we replace 6qi by — 


wc find that the intcgial 
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where we have also integrated by parts But the gen- 
eralized displacement, 8q„ at the instants to and /i, implies 
an arbitiary displacement of the ends of the paths, and 
since the initial and final positions of the system arc fixed, 
the actual and generalized displacements vanish, so that 

the term — Sg, is identically zero Hamilton’s principle 
<0 

in generalized coordinates thus becomes 









dt = 0 . 


(3 1) 


Since the displacements 8q, arc virtual but in geneial 
different from zero, the other factor of the integrand must 
vanish, or 


d dL dL 

dl dqj dqi 


(3.2) 


This is one of Lagrange’s equations of motion , in a holo- 
nomic system, a system in which the number of inde- 
pendent coordinates arc just equal to the number of degrees 
of freedom, there is one such equation for each coordinate* 
In the above analysis we are considering a holonomic 
system with s degrees of freedom and .y generalized coordi- 
nates; in the case of a free system of n particles s will of 
course be 3w, 

If some of the forces F/ of the system are not con- 
servative, then Hamilton’s principle would read 


But since 



dr,)dt = 0. 



and since the 


integral 


/ 


SLdf^will transform to generalized 
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cooiclmates into the intcgial alicady obtained, Lagiangc‘s 
eqiiationfa will have the foi in 


whei e 


^ __ dL _ ^ 




(3 3) 


The (2, so defined aie geneialized foices tending to 
change the cooidinatc qj. 

It vciy fiequently happens that it is difficult to deter- 
mine whcthci ceitain tcims in the kinetic potential should 
be classed as kinetic oi potential eneigy In fact, we found 
that the kinetic energy of a mateiial system is a homo- 
geneous quadiatic function of the motional coordinates, 
whose coefficients weie functions of the positional cooidi- 
nates. Such terms may evidently be i egarded as potential 
encigy; but if any such teim be so i egarded its sign must 
be levcrsed, since the kinetic potential 

T -W 


must icmain unchanged. This point is strongly empha- 
sized by Livens,* and must be taken into account in a 
consistent theoiy of electiic curients as a mechanical 
system. 

4. The Electric Current as a Cyclic Mechanical System. 
Wc aic natuially led thiough the electron hypothesis, the 
piocess of clectiolysis, the dischaige of electricity through 
gases and radiation in gencial to icgaid the eneigy of the 
electiic curient as of the kinetic type. It is customary to 
liken the electiic cuiient to a cyclic mechanical system 
In the cyclic systems studied by von Helmholtz, certain 
motional coordinates called cyclic cooidinates entered 
the cncigy function while the coi responding positional 
coordinates weie absent. The eneigy of a belt running 
aioiind a pulley is dctei mined by the velocity of one point 


*Scc G 11 Livens' Treatise and Article, loc at 
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of the belt, and this would evidently be independent of the 
positional coordinate, defining the position of the point 
on the belt 

Thus if we consider two linear ciicuits with cuiient 
strengths Ji and J 2 , the kinetic energy of the system will 
be a homogeneous quadratic function of the cuirent 
strengths, or 

+ + (4.1) 

We are here intei preting the cuiient sticngth as a cyclic 
velocity The coefficients jbi, Mi 2 , and L 2 will depend on. 
the size, shape, and position of the conductois; the factor 

~, where c is the velocity of light, is introduced for com- 
C2 

parison purposes later. 

We may also find the energy of a system of electric 
currents by replacing each current circuit by its equivalent 
shell and then drop out the local pait of the encigy char- 
acterized by the intensity of magnetization of the mag- 
netic shell. The potential energy of the equivalent shells, 
if there is no magnetic material in the field, will be given 
by the equation (II, 9 4) 

(4.2) 

where the integral is to be extended thioughout all space. 
If we put the intensity of magnetization, /o, equal to zero, 
we will have left the energy of the electric currents, since 
the energy of an electric current and the field energy of its 
equivalent shell are the same If we now icgard this 
energy as of the kinetic type, its sign must be reversed, 
and we have for the kinetic energy of the system of currents 

This of course is magnetic energy, and whether we call it 
kinetic or potential energy is immaterial if proper regard is 
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paid to sign. Because of its association with the electric 
cm rent it is gciieially called electrohneke energy If theie 
is no coiidensei in the ciicuit and theieforc no capacity, 
the cncigy of the cicctilc field is negligible 

To identify this last lesiilt (4.3) with the clectiokinetic 
cncigy given by equation (4.1), and also to intcipret the 
quantities Li, and M 12 , we use the vector potential 
alicady mtioduccd and defined by equation 

B := cull A, (4.4) 

Foi two steady cun cuts imbedded in the ethei B — H 
and cull B is thus every whcio /eio excepting in the current 
ciicuit, where, accoiding to Maxwell’s equations, 

cull B = — 
c 

The vectoi B is thus to be dctci mined fiom its vortices, 
01 the vcctoi potential A is to be dctcimined fiom the 
voitices of the vcctoi B, This pioblcm is similar to the 
pioblcm of detei mining a scalai potential fiom the sources 
of its gradient. 

If wc substitute fiom (4.d) into the above equation, 
we will find that 

— cull cull A ^ — (4.5) 

c 

The vcctoi A is somewhat aibitiaiy; it is icstricted only 
by equation (4.5). If wc impose the additional icstnction 
that div A is identically /cto, then since 

AM » glad div A — cuil cuil A 

equation (4.5) may be wiitten in the foim 

&'A (4.6) 

c 

A special integial of this equation may be obtained by 
breaking it up into components (22) and solving three 
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scalar equations exactly smiilai to (I, 112) and synthc- 
syzing, the lesult will evidently be 

^ = (4 7) 

We will now replace m the kinetic energy given by 
equation (4.3) by B ciul A, and transform the new inte- 
grand by means of formula (17c) 

div A y, B = B' curl A — A curl B 


This will give the equation 


T 



div A X Bdr + 



4* curl Bdr 


for the elec trokine tic energy 

We can evaluate the first integral by considering the 
integral taken throughout a finite region, r, bounded by a 
surface, a-, and then letting the surface cr recede to infinity 
in all directions Gauss’s theorem transforms this proper 

integral into the surface integral, ^ Ay B nda-, taken 

over the bounding surface <r, which includes both circuits 
on its interior. From its definition (4 7) we see that the 


1 

vector A vanishes at infinity like and since the vectors 

B and H are identical in free space, B vanishes at infinity 
like the gradient of a Newtonian potential function, so 

that the product, A X B^ vanishes at infinity like ^ If a 


sphere be chosen as the surface c, its area will become 
infinite like so that the integral in question vanishes 

like as r increases without limit.* We thus find the 
r 


* A more rigorous demonstration may be made by following the method 
used m a similar problem on magnetic field energy See Note (II, 8 ) 
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in 


electrokinetic cneigy expressed by the equation 
T = A cull Bdr = —j' A idr 

1 r ft dr I’dr' 

Ic’^J J ^ * 

If we confine the tuple integrals in the last form to the 
lineal circuits, wheic I’l and U aie different from zero, the 
two volume integrals will reduce to two line integrals both 
taken ovei the fiist ciicuit, both over the second, one 
ovei the fiist and the othei over the second, and conversely, 
oi if we wi ite o- with its appropriate subscript or superscript 
for the aiea of the cross-section of the conductors, we will 
have 

^ ^ JJ'a(T‘ r [dr dr' 

Sirc'^ J J ^ 

f Cdri dri , 2ai<T2JiJ2 f fdri dH 

■J J r J J r 

/ 2 V 2 ® r Cdr2 dr2 


Sirc^ 




Sttc^ 




since 


i = Jdr and = J*dr'. 

Upon identifying this result with equation (4 1) we 
find that 

(Tin r f dr I dri 

Ki 2 - ikfai ~ J y 

These coefficients evidently depend on the positional 
coordinates, namely, the size, shape and position of the 

ciiciiits , 11 c J 

For the interpretation of these coefficients we will nnd 

the electrokinetic energy, expressed m the form 

^ C A 
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convenient We will replace idr by its equal, Jdr^ as 
before, and restiict the integialion to the current circuits; 
the energy will evidently be given by the equation 

= ^ r curl A’Tldai + ^ I ciul A'Tldaz 

when we transfoim the last line integrals by Stokes* 
theoieni; or 

where the surfaces ai and <t 2 are arbitiaiy surfaces, having 
the conductors 1 and 2 for boundaries, respectively. If 
we write Ni and N 2 for the total flux of induction through 
each of the two circuits, lespectively, the above result 
takes the simpler form, 

T = Yc^JiNi + J 2 N 2 ) 

If we compare this equation with equation (4.1) wc will 
see that 

Ni == ~{LiJi + M 12 J 2 ) 

c 

and 

Ni = hMiiJi + LiJi). 

0 

But — and ™ are the current strengths in (c e m.) units; 
c c 

and since N\ is the total flux of induction through circuit 1, 
we see that Li is the flux of induction due to current 1, 
per unit current through circuit 1; while Mi 2 is the flux of 
induction due to current 2, per unit current through circuit 
1 It is thus natural to call Lu the coefficient of self- 
induction, and Mi 2 , which is identical with the co- 
efficient of mutual induction. Similarly L 2 is the coeffi- 
cient self-induction for current 2 
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It is a simple mallei to extend these icsults to n linear 
circuits It is sufficient to say that the electrokmetic 
eneigy in this case will have the form 

T = + UJh + . 


+ MiqJ 1/24* • 


where the Vs aie the coefficients of self-induction and the 
M's aie the coefficients of mutual induction. It is just 
as simple a problem to dcteimine the values of the Vs and 
and to piove that = M,^, as in the case of two 
circuits. 

5. The Magnetic Energy Due to Permanent Magnets 
and Current Circuits Combined.— In case the magnetic 
field is due both to electiic cm rents and permanent mag- 
nets, we apply Amp^ie’s conclusions regaiding the magnetic 
shell and its equivalent ciicuit In the most gcneial case 
wheie permanent magnetism, induced magnetism, and 
electric cun cuts aie involved, we can icplaco each current 
circuit by its equivalent shell and icgaid the shells as per- 
manent magnets. After obtaining the total cnei gy in proper 
form we can drop out the puicly local part due to the 
shells, thus obtaining the encigy of the original system 
Equation (II, 9 4) is directly applicable foi this purpose 
if we replace ^0 by /o where is the intensity of 
magnetization of the equivalent shells; equation (11, 9.4) 
then becomes 


W, 


« _ - 167r2(/o H- 4 H- iy]dT -b hHdr 


If we now replace the shells by their equivalent circuits 
the local part of the encigy due to the shells diops out. 
This is effected by putting 4 equal to zeio. We then 
have the total potential energy of the combined systems 
given by the equation 





167r^(/o + lYldr + I'Hdr, 
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Thn U klcniUcal in foim with etiualion (II, 0,4), as 
inip^hL have heen esperled. Wo onipluisi/.od Llie fact that 
the oLheioal oneigy of Llio magiiotic hold, if thought of as 
kinetic cneigy, ib given l)y the ociiuUion 

T = t f BHt (S.l) 

ottJ 

and the kiaelic onetgy density by 

6. The Dynamics of the Quasi-Stationary Current. - 
In the Mawvoll Iheoiy of conduotion cunents it is assumed 
in gCMioral that the adjust nienl of the oleotiomagnetio fiokl 
ib HO lapkl for eneigy change in the ouiienl oi cun eat 
ciicuit that the .state at cveiy instant may be logaided as 
htationaiy. We will icstiict our discussion to cases cov** 
cicd by this hypotiiehis, or to the so-called (luasi-stationary 
cull cats. This aasuinption implies that the displacemoat 
cm 1 eat is negligible in coinpaiisoa with the conduction 
cLuicat, and that the (inie It takes an oloctiomaguclic 
distui loanee to tiavcl fiom one pait of the fiol<l to anotliei 
is vciy bhoit—i dative to the time it takes to effect the 
conesponding change in the cuiient oi ciinent ciicuit. 

7, A Linear Circuit with Self-Inductance.^— We will 
fust study a single linear * ciuicnt maintained by a coa- 
slant impressed clcctioinotive foico Ji, and ijosscssing a 
sclMnductanco Li and a icsistaacc R. The kinetic cncigy 
of the cun cat will be given by the equation 

T = -iLiJK 

In the interpi elation of the clecti ic cm rent as a mechan- 
ical system the elcctiomotivc foicc must be rcgaidcd as a 
mechanical foicc, The icsistaacc in the circuit produces 
a counter c.in.f. equal in magnitude aad opposite in sense 
to RJ which imisi be taken into account when wiiting the 

* By a lliicim ciicuil we sluill menu an isotropic wire or concliicloi, small 
but of definite finite cross-BccUou, and that a linear relation lioltis between 
the cm rent density I and llie inlonsily i$, 
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differential equation of the electric ciiucnt. We also 
legal d all magnetic energy as of the kinetic type, and 
electiic energy stoied up in a condensci as potential eneigy. 


Since 


dT _ ^ j 


Lagiange’s equation 
system will be 


of motion (3.3) 


Li dJ „ .. 
dl 


— RJ 


foi this mechanical 


or 


Lx dJ 


dl 


+ i?/ - E. 


This is a veiy simple lincai diffcicntial equation; it may 
be solved in vaiious ways. Its geneial solution is 

^ , E 


where C\ is the aibitraiy constant of integration. ^ This 
constant must be detcimincd fiom the initial conditions. 
If when t is zeio, the cuiicnt, /, is zeio, then a will be 

equal to — 01 the paiticular solution heie sought is 


The initial conditions aic somewhat ideal; in fact, 
during the establishment of the cunent the changes aic so 
rapid that the state can not be considcied as stationaiy. 
The condition hcie implies an instantaneous establishment 
of the cunent stiength. Howevci, the duration foi this is 
so brief that the situation is handled as an impulse, he., 
ignored unless the impulse is a special subject of invcstiga- 
tion 

Another simple example, omitted heie, which may be 
treated in a similar manner, is the case in which the 
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impressed electromotive force is pet iodic, possibly defined 
by the equation 

E — — sin 0 ) 1 , 


This periodic e m f may be caused by the swinging of a 
magnet or by some othei device 

8 A Lmear Circuit with an Impressed E.M.F. Capacity 
and Resistance. — ^We will consider a single linear ciicuit, 
and if to the conditions imposed in the previous section we 
add the condition that there is a condensci in the ciicuit, 
then the electrokmetic cneigy of the system will remain 
unchanged. It will be given as in the previous case by 
the equation 


r = 




But the Lagrangian function, will now involve the poten- 
tial energy of the condenser We have alieady found that 
the mutual potential energy of a system is so the 

potential energy, of the condenser will be 


W ^ 



— (l>\)o)dcr. 


But since the electric volume density is zero, this reduces 
to the form 


w = UH - 



if g is the charge on the positive plate. Upon introducing 
the capacity of the condenser 


C = 


we find that 


02 “ 01 


W = ^(02 - 0l)2. 


Or if we assume the negative plate to be the position of 
zero potential^ so that 0i = 0, we will have the final form 

= f 



WITH CAPACITY AND RESISTANCE 


117 


where ^ written for 02 is the difference of potential or the 
potential at the positive plate. The Lagrangian function 
thus takes the foi m 


T - 

2c2 




in this case. 

The impiessed force here will be the difference of 
potential between the condenser plates and the counter- 
clectiomolive foice of lesistance, RJ. Again the kinetic- 
potential involves only the cyclic velocity, J, so that the 
system is defined by the single Lagrangian equation 


LlA! 

(It 




(8 1) 


obtained by substituting the kinetic potential in equation 
(3.3), and replacing Q by the electromotive force, 0 — RJ 

Since now the capacity C = — we may express the 

<p 

current sti ength, J, in the form 

j- ^ d<t> 

Tt~~ dt 

So if we leplace J by -- C~\\\ equation (8.1) we shall find 
that 0 satisfies the homogeneous differential equation 


If on the other hand we take the time derivative of each 
membci of equation (8 1), we find that 

Li d'^J _ ^ ^ 

c2 dt^ dt dt ’ 

and upon replacing ^ by its equal, — we obtain the 
defining equation for J m the form 

+ J = (8 3 ) 

dp dt 
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We thus see that the current J and the potential satisfy 
one and the same diffeicntial equation 

Since equation (8.2) is hneai and homogeneous, we may 
obtain its solution by assuming that 


0 = 

as in the picvious case. A substitution back into equation 
(8,2) will show that this is a solution if X satisfies the 
equation 

LiC 


• X^ + CJ^X + 1 = 0 


or 


X = 


-c^R 

2Li 




4Li 

c^C 


22!/ 1 


Theie are two cases to be considered, one arising when 


and when 


jR2 ^ 


4Li 

c^C 


R^ < 


4Li 

c^C 


Case I • R^ — In this case the roots of the 
c^C 

characteristic equation, which we will designate by Xi 
and X 2 , are both real and negative. In both cases our 
solution, in this notation ,will be given by the equation 

0 = cie^'^ + C2e^'‘K ( 8 , 2 ) 

And since 


J = 


dt 


/ - - C(ciXie’^“ + C2X2e’^^). (8.3) 


The arbitrary constants of integration ci and C 2 are to be 
determined from the initial conditions For these we will 
assume that when t is zero the current is zero, and the 
charge on the condenser plate is qo. If we substitute these 
conditions into equation (8.3) we find the relation 

ciXi + C 2 X 2 = 0 


(8.4) 
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between the atbiliaiy constants. When we substitute 
zeio fot / in equation (8.2), wc obtain the potential at that 


iiibtant, oi 

so that i-hci capacity 


— Cl + C2 


C ~ 

Cl -\- ^2 

This is the second condition on the aibitrary constants; 
it may be wiitten in the foim 

Ci + Ci = (8.5) 


When wc solve (8.4) and (8.5) for ci and C 2 we find that 


Cci 

Wc thus have 


goX2 

X2 — Xl’ 


Ccz ==- 


goXt 

X2 ~ Xi 


A2 ~ Al 

and 

/ = - gQ^lX2* (gX.t _ 

X2 — Xi 


for oui pai ticulai solutions. 

Since the loots Xi and X2 aie each negative in this case, 
even if they aie icpcated loots, the potential, <^, and the 
cm rent, /, each appioach zeio as the time increases This 
is the stLualion after the ciinents have been established. 
Theic Is thus a giadual discharge of the condenser and a 
dying out of the cuiient. The discharge is non-periodic, 
while the ciinent is diicct 01 non-oscillatory 

Case II'. i?® < Oscillatory Discharge . — If we 
C‘‘C 

define the quantities a and b by the equations 
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then the solution of (8 2) may be written in the foim 

0 = cos bt + C2 sill bt) (8.6) 

and since 

J=-C^ 

at 

j = Ce-^\{cia — c^b) cos U + (cib + c^a) sin U\ ( 8 . 7 ) 

If we assume again that when t is zeio the current, /, 
is zero, and the charge on the condensei plate is go, and sub- 
stitute these initial conditions into equation (8 7 ), we shall 
find that 

hc2 — cia = 0 

Upon substituting zero for i in equation (8 6), we find the 
initial value of 0 to be the constant ci. The capacity of 
the condensei is thus given by the equation 


or 


C 


20 

C\ 



while the other integration constant 

ro - ® 

^ bC 


If we substitute these values of the aibitraiy constants 
into equations (8 6) and ( 8 , 7 ), we shall have 

0 =3 cos 6/ + 0. sin U) 

and 

j = ^(a^ + h^) sin hi 
b 


for the particulai solutions. 

The voltage and the cuirent strength are thus seen to 
be periodic in this case, of period 
27r 47rLi 
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then the solution of (8 2) may be wilttcn in the foim 
0 = cos ht + C2 sin bl) (8.6) 

and since 
J =‘- 

at 

J = Ce-'^^icia - c^h) cos ht + {c\b -f C2a) sin bl] ( 8 . 7 ) 

If we assume again that when t is zcio the ciiucni, /, 
is zerOf and the charge on the condensci plate is go, and sub- 
stitute these initial conditions into equation (8 7 ), we shall 
find that 

bc2 — cia = 0 

Upon substituting zeio foi t in equation (8 6), wc find the 
initial value of ^ to be the constant ci. The capacity of 
the condensei is thus given by the equation 


or 


Cl 



while the other integiation constant 

~ Jc- 


If we substitute these values of the aibitiaiy constants 
into equations (8 6) and (8 7 ), wc shall have 

and 

J — y(a 2 + b^) e”"* sin bl 


for the particular solutions. 

The voltage and the cuiicnt sticngth aic thus seen to 
be periodic m this case, of peiiod 
2t 4:tLi 
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Wc have hcic an oscillatoiy dischaige of the condensei, 
since the amplitude decicases with the time The sense of 
the cuircnt and of the potential diffeiencc are peiiodically 
level sed, in the phenomenon. 

Foi the paiticulai case whcie is small and negligible, 
the period becomes 


27r 

T 




The situation heie will not be essentially different from the 
more geneial case treated. 

Another asymptotic case is obtained by putting the 
capacity equal to infinity. This condition makes b zero, 
so that the solution degenerates into that obtained in the 
previous section. 

The reason foi the discharge of the condenser in both 
cases treated is apparent; the cuinent pi*oduces a counter 
induced electioinotive force of vsclf-induction. In Case I, 
the resistance is so great that the condensei is discharged 
without a level sal of the cuircnt sense. In Case II, the 
resistance is small, and the counter c.ni.f actually levcises 
the current sense many times, theoi'etically an infinite 
number, as the amplitude approaches zero. 

Other cases of interest and of tlie same general type aie 
cases involving a constant, or a periodic, impressed e.m.f. 
in addition to the c.ni.f. assumed. Then foi two cuiients 
the kinetic potential is 

r = + 2MX2J1J2 + 

If the ciicuits each contain a fall of potential and a resist- 
ance 0 L and Ri foi the fiist and <^2 and R2 foi the second, 
the Lagiangian equations will be 
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The discussion of llu* solution of (lu'sc ('(lUtUitJUs will In* 
omiUed. SulhcH'ul litis been said lo inditalt* the dynanii" 
{.dl iiilei pi elation of the elet'tiie euiienl, tuid (he Kcneiali 
/atuin to cases of moie than tw<» tiicuils should piesenl no 
diflu'ulty. 

EXERCISES 

(1) Foi a system of fiee pin tides is 1 )'Alenib<'i i'h pinu iple 
line? If so, of what use is hi* What is the j^eneial Kiinalion 
whcioiii D'Aleinbeil's pdiuiple is impoit.iut and UHefuli* JuhI 
wliat does it do foi the etiualions of niolioin* 

(2) WiitcouL the LagiaiiKi.ni fumuion and dedute (he eipia- 
tioiib of motion fiom it for the Himple tascH. 

(ft) a body fidlinj? nem the eiUlh'H mnfaee; (/>) a cane of 

ainiple hainionie motion, (i) the Him[)le pendulum, iiaiiiK 

the angle between the liob anti the vet tit al an the geneiah/ed 

cooidinutc. 

(3) Wiilc out the T.agiangian funetion and the equatioiiH of 
motion for a imitidc (.oiiBtiaincd lo move on a peifeetly Hinootli 
Bpheic. 

(4) Analy/c the aingle lineai euiient maintained by a 
decadent impiesRed c.m.f., K c with ti Hclf-inductanec Li 
and a lesiHtancc Ji, 

(5) Caiiy out the fiolution of thepioblem Huggeated lowaiila 
the end of At t. 8. 

(6) Write out the total onengy dcnaily in fiec apace for an 
elcctiomagnctic field 

(7) Juat what diflicnltica ariae when one tiica to wiilc out the 
cquationa of motion of a ainglc election? 

(8) Solve the piolilem of a linear eiicuk having capacity, 
resistance, and the additional decadent c.m.f , 
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1. In. Chapter IV we left open the question of the appli- 
cability of the Max;^Ycll theory We found, howevei, in 
the case considcied, and this is the situation in general 
accoiding to the Maxwell theoiy, that electromagnetic 
disbui bailees arc piopagated thiough mateiial media with 


the velocity of propagation equal to 


V 


e/Li 


If the disturb- 


ance is piopagated thiough a laie gas or if it is a slowly 
changing distuibance thcic is a close agieement between 
thcoiy and expeiiment, but foi lapidly changing elec- 
tiomagnetic distiii bailees piopagated through oidinary 
mateiial media the thcoiy sciiously breaks down 

In fact if these distui bailees aic light waves we see that, 
accoiding to the thcoiy, the velocity of propagation is 
independent of the wave-length and depends only on the 
constants that chaiacteiize the medium; while experi- 
ment shows that light of diffeicnt wave-lengths is propa- 
gated through mateiial media with dllTeient velocities 
T'hcoiy also pi edicts that, if a medium is brought into an 
elcctiic oi a magnetic field, the field will have no effect on 
the propagation of an electromagnetic distui bance through 
the medium. This is not at all true, as is instanced by the 
Stalk and Zeeman effects in the splitting of the spectral 
lines undet the influence of elcctiic oi magnetic fields 
The disagi cement between the Maxwell theory and 
expeiiment is due, in part, to the lestrictlons imposed by 
the constants e, n, and k. The removal of the restrictions 
imposed by these constants leaves us free to speculate on 
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the underlying mechanism that is the piimaiy cause of all 
electromagnetic phenomena 

The electron theoiy as developed by Laimor and 
H A. Lorentz rids the theory of these constants altogcthei , 
basing it on the atomistic stiucturc of clectiicity. We 
have already seen how the election hypothesis, the assump- 
tion of ultimate nuclear chaiges, fuinishes an explanation 
of many electric phenomena In fact this assumption is 
absolutely confirmed by the a and lays and the isolation 
and measurement of the electionic chaige. The pin pose 
of the electron theoiy is to explain all clectiomagiictic 
phenomena by the disti ibution and motion of such chai ges. 
The objects of consideiation aie these elcctiic coipuscles 
(the protrons and elections) and the ethei. 

2. The Fundamental Equations for the Electron 
Theory. — We will adopt the Lorentz point of view and 
regard these corpuscles, whether piotioii oi election, as a 
modification of the ether, ceitain points of the etiici will 
then be characterized by a density p, diffeicnt fiom zcio. 
We will assume that the coipusclc has finite dimensions, 
and that at the surface there is a transition layci wheie the 
density changes rapidly and continuously fiom zero to a 
finite value This makes the density p, which is zeio foi 
the ether, a continuous point function. For some pin poses 
we may also, if we wish, legard the coipiiscle as a point 
charge, an idea exactly similar to the mass point so useful 
in mechanics. 

We are dealing then with electric charges embedded in 
the ether Thus according to Gauss’s electiic flux thcoieni 
the density, p, of such a charge multiplied by 47r, is the 
divergence of the electric intensity The total cm rent 
under these conditions will be a displacement curient in 
the ether and a convection current due to the motion of 
the corpuscles In fact, we have already seen how the 
conduction current might be legarded as a convection 
current due to the motion of electrons through mateiial 
media. Then Rowland’s experiments show that the con- 
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vectioii cun cut pioduces a magnetic field not different 
fiom that pioduced by the conduction ciirient 

Since in free space the Maxwell theory agiees well 
with expel iinent, wc assume that the Maxwell equations 
(III, 14 t) foi stcilionaiy media aie valid for the ether 
Avheic the pei meabihty, fx, and the specific inductive 
capacity, e, aic each unity If we use the small letteis, e 
and h, foi the electiic and magnetic intensity, icspectively, 
foi this case, and icgaid the conduction cuirent, i, as a 
convection cuiicnt, pu, these equations may be wiittcn in 
the following foim 


~(4:TrpU + -^ ) = lot 
c\ at 


1 dh 
~c 'dl 


= lot e 


P = ^dWe 
0 = div h 


(2 1 ) 


These aic the fundamental field equations of the electron 
thcoiy, as deduced by H A Loientz, foi electiic corpuscles 
embedded in and moving thiough the ether However, 
the hypothesis of ultimate nucleai cliaiges is not involved 
in this set of equations. It is an additional hypothesis 
used in completing the set of defining equations. 

3. The Conservation of Charge and the Flow of Energy. 
— Fiom the set of field equations (2 1), we aie able to deduce 
two chaiacteiistic piopcities Fust, the conservation of 
electiic chaigc is obtained fiom the first and thiid of these 
equations. If wc take the diveigencc of each member of 
the fust equation of the set (2.1), we will have the con- 
tinuity condition 

1 d div fill*,, A 


as a icsult. If we leplacc div e by 47rp, from the third of 
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(2.1), and integiate thioughouL Liio voIuiik* t, hounded by 
a siufacc cr, we obtain the eciuation 


div pud T 


or 


“ i “I"" 


(3.1) 


when we transform the liglit mombei I)y Gauss’s thooioni. 

This last equation states the fart that //lo lime rate of 
decrease of electric chaige in the volume, r, is just equal to 
the fluK of electricity Ihrongh the bounding suiface. Elec- 
tiicity IS thus tiaiisfcned bom one legion to anothci, hut 
ncvei created oi destioyed. 

The second thcoiem chaiactcii^.CvS the flux of encigy 
thiough a suiface c, bounding a icgion r. We obtain the 
desired result by fust substituting the values of cuil e and 
ciul h in the identity (17c) 


div e X h » h‘cm \ e — e cuil h 

from the fiist two equations of the set (2.1) This identity 
then becomes 

div e X - i(e e h'h) -|- e*w 
c c 

or 

div^eXft = + -pe.J 

If we integrate this last identity tluoughout an arbitrary 
volume, r, we will have the equation 

Or if we replace the vector ^ e X A, called the Poynting 
vector or the vector radiant, by the letter s, and transform 
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fclic right membci of the last equation by Gauss’s theorem, 
^vc obtain the equation 

- 1 =i* 

foi our final foiin 

This lesult, known as Poynting’s thcoiem, is easily 
Alltel pi ctecl The liist integial is evidently the total field 
energy of the clecti omagnetic field situated in the region r. 
In the second integial, the factor pedr is foice. This 

fnctoi scalaily multiplied by — is woik pei unit time, oi 

(If 

the whole integial icpiesents the time late of deciease of 
t:he kinetic cncigy of the coipuscles in the volume t, We 
Allay thus state Poynting’s thcoiem as follows 

TJie time rale oj deciease of energy in the volume t is 
Gqtial to the flux of the vector radiant through tts houndtng 
surface <7, 01 the efflux: of cncigy thiough the sin face <r is 
just equal to the flux of the vcctoi ladiant thiough this 
surface. In addition to the distiibution of elccti omagnetic 
oneigy thioughout the ethci, we have heic then the flow 
of encigy fiom volume clement to volume element. 

4. The Hypothesis of the Ultimate Nuclear Charge. — 
'The set of field equations (2.1), though fundamental, do 
not constitute a complete set of equations foi the determi- 
nation of the vcctoi s w, c, and h, and the density, p, which 
chataclciizcs the distiibution of chaige. If we speak in 
teims of the cooidinatcs of the thicc vectois, wc may say 
that wc have ten unknowns and but eight defining equa- 
tions ; we ai e thus left fi ec to make some additional hypoth- 
esis governing the motion and distiibution of the chaiges. 
'This is done thiough the assumption that clcctiicity exists 
in ultimate nucleai chaiges, and that these coipuscles or 
olementaiy chaiges aie susceptible to a mechanical force. 
'Xhis implies that the piotons and elections aie substantial 
£ind possess the pioperty of ineitia inhcient in ponderable 
matter. 
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It is assunu’d thal (lu' tol.il iiici li.mii .il fun c of t-Kstio- 
magiK'lU' Olivia actiiiK^ on a (oipiiMh* is iiia<lo up ol (wo 
coinponcnls. 'PIu* (n.st of (lu'^o c*oniponcn(s pn uiu( 
chaigo is the rlcclnV Ih‘ 1<I inlcusijy, e, oi (la* Ifutc toin 
poiUMits artiiiK^ on (he {‘l(‘nu-n( of {hai^c, /w/r, is /»w/r. 
The snioml nmiporn'iil is (Msily oiM.uiK’d by ijlfutilyiiiK 
i( with tluM'hrliu iiUcnsity indnci'd in a (oikIucIoi whni 
tho condurtoi i.s inov{'d thiouKli a nhi^iu (u liclil. 

In obtaining haiaday's law, as o\pn’ssrd by otpuilion 
(in, 12.3) ,^wc 1 (.'Raided tlu* < ondia |(h as li\cd in posidtui 
while* tlu* inaunrlic hold was made* (o < lianj^e* wilh (ho (inu*. 
If wo legaid Lho (iauit as niovlnj* llnoia-h (ho maKiu*(i<‘ 
held, equation (III, 12.3) must bo wiiKesi in (ho j^oiu'ial 
foi ni 

({uxlE^m/ff - ^ j n nth (d.l) 

Jo f ”S/w 

since the dilToiendalion imdoi llio intoi'ial sign is no longor 
admissible. 

I he light menibei of (his (‘(pialion is {‘\id(*n(Iy ni.ido iq) 
of two paits, one, the* time lale of ( hangi* of (hi\: (Iianigh 
the fixed ciicuitdiK* to (ho Lime vaii.Uion of (ho induolion 
and a second contjiibution, (ho (inn* lalo of i liango of lln\ 
duo to the motion of tho clicuit (Inough (ho in.ignolu field 
icgaided as stationaiy. lC(|uali»jn (l.l) may llu*n be 
wiitten as follows 

jeu,l E.n,U = - ) jf^f - j (.|.2j 

whole by the second teini in tlu* light inombei wo moan 
the time rate of doci'eabe of flux of induction (hiouKh tho 
cheuit due to the motion of the condiutoi thiough (he 
fixed magnetic field. 

This second tcini may be evaluated by consideiing tho 
total flux of induction tliiough the closed suiface coniposerl 
of the initial and final (lositions of tho suifa<*(’, o*, at the 
beginning and end of the time intei vul t//, togethei wilh the 
cylindiical suiface genciatcd by tlie condiictoi duiiiig this 
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time jntcival. Since this is a closed suiface and div B is 
identically zcio, Gauss's thcoicm fuinishes us the fact that 
the total flux of induction thiough this suiface is zeio. 

The flu\ thiough an clement of the lateial surface is 
dtdr "K V B For if dt is an clement of the ciicuit and v 
its velocity, vdt will he the distance the element of ciicuit 
has moved, and the vecLoi pioduct dtdr X v will not only 
be the aica of the elemental y paiallelogiam swept out but 
it is the oiitci noimal to the cyhndiical suiface. Thus 
the flux thiough the lateial suiface will be given by the 

intcgial dt^dr X u* 5. The total flux then takes the foim 

^ B nda ~ ^ B nda + dtjdr X v B = 0 

whcic we aic using cr' to denote the final position of the 
suiface cr. This last equation may be written in the form 

thus in the limit the time late of change of flux of induction 
thiough the surface a is given by the line integral 

— X B'dr, taken aiound the conducting ciicuit. We 

can tiansfoim this intcgial by Gauss’s thcoiem into the 

suiface intcgial, ~j^cui\{vX B)'nd<T, then, by simply 

substituting 111 equation (4.2) this equation will assume the 
following foim. 

^cuil E nda- ” ^^‘Uda + cud (v X B) nda. 

Foi a conductoi moving thiough a stationaiy magnetic 
field the fust intcgial in the light membei vanishes, and 
we have the i elation 

^cud E-nda ~ -J^cud (u X B)‘nda 
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and since the suifaco cr is aihitiaiy 

(Hul E v\u 1 ^ (y X /?). 

( 

Thcgcneial solution of this dilh'icnii.d cjiuaiion is 

E ^ ^ V X B I glad 0 
c 

where 0 is an aibitiaiy scalai point fuintniii. Hul wluni 
the induction is mo (ho imlucfd oIim liit* iulensiiy in 
hence giad 0 is identically mo and oui holulioii is sirnply 

'vX 

( 

01 the intensity induced in the conduelor is peipendicular 
to both the magnetic field and (lie diieetion of motion. 

This result and the cxjieiimentH of Rowland ju.stify im 
in assuming that a sticam of coipu.seles (laveling tluough 
a magnetic field in fieo space of magnetic inteiiHily /i, and 
with a velocity u, is acted on by a foice (‘Imiacteiiml by 

the intensity -uXh^ the induction and magnetic nUeiiMity 

being identical for the cthci. The total exteinal foice, 
then, of electromagnetic oiigin, acting on an element of 
chaige, pdr, is 

/ “ p(/r(c -b X /l). (.1.3) 

In the light of the clcctiostatic theory whei e like chai ges 
repel like charges with a foice following the Newtonian 
law. It would appear that, if all the foices acting on the 
e ement of chaigc, pdr, were of electromagnetic oiigin, the 
electric coipusclc would be disiuptcd. However, we aic 
led to the assumption that the lesultant foice of electric 
integraf^^^”^ electric coipuscle is given by the 

F « J'pfZrCe + iu X h) 


(4.4) 
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taken Ihioughoiit the volume of the corpuscle. This 
implies that all iiiteinal foiccs of electromagnetic origin 
tending to disiupt the coipusclc aie in equilibrium with 
some mechanical foiccs, and the coipusclc thus persists as 
an entity. As to the natuic of these mechanical forces 
little may be said But if all foiccs aie of electromagnetic 
oiigin, then just how the coipusclc is maintained in its 
cntiiety is still moie obscure 

S. The Electromagnetic Potentials.— The fundamental 
pioblcm of electrodynamics is to find the distribution and 
motion of the chaigcs foi all time, having given the state 
of the electiomagnetic field at a given instant. The field 
equations (2.1) wcie found to be inadequate for this pur- 
pose, so we aie seeking a sot of equations that will do this. 
If we add to the set (2,1), the equations of motion of the 
clcctiic coipuscles, we may then legard the set as complete 
In the less gcneial but veiy impoitant problem of 
finding the state of the field when the distiibution and 
motion of the chaigcs aie picsciibcd, the field intensities 
aie dcteiminatc and evpicssiblc explicitly in terms of 
ceitain potential functions termed delayed potentials. 
These potential functions arc deducible directly fiom the 
field equations (2 1), and aic thus peitinent even in the 
moic geneial problem. The potentials, we shall introduce 
here, though closely i elated to the scalar and vector 
potentials used bcfoic, will be defined independently — 
without lefeicncc to those pieviously used but with regard 
to thcii applicability in detci mining the intensities e and 
h, defined by the field equations. 

The foui th equation of the set (2.1) defines the magnetic 
intensity, A, as a solenoidal vcctoi ; it is thus the curl of a 
second vector, a, so that we may write 

/is=cuila. (5.1) 

Further restiictions will be placed on the vector a later. 
This is permissible, since all we wish is to introduce some 
auxiliary functions in teims of which the field intensities 
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Till JII•(’lRn\ lllinin 


may he expiessed If we suliMhliKf iho U’l.altm (.S|| 
into the second of (2 1), \\{« will inul (h.il 

(uil^e I I ifr^ 0. 

But this oquation inij)h<'s ihal ihr .tinunuiil t» ( ^ ai.a 

t 

lamcllai oi potential \(m Pii. 11 we ile-aj^nale ilu pincniiai 
by 0 we may wiiu* the e(iu.i(i«m 


IP ad (/i 


or 


w MI at I 0 


(SJ) 


Thc scalai 0 and lIu- vcctni a .iic ihr run. ii„i,s 

icfencd to; ns soon as ihesc' hinilion>>> aie known ilu* 
intensities e and h aie oblain.dde iieeoidifiM lo ihe nnuniei 
indicated in equations (5.1) and (5.2). 

The fact that the veclois e and h also salisfy ilio lu^i 
and thud ol the set (2.1), impost's adrlilional lesUh'lions 

il we siilislllule fioin 
(5.2) into the thiid of (2.1) wv will Imm* 


div div * a " A(f> In-p 


(5..B 


Wo rcsUioled tlie vooloi- luaoiUial. in ,.,1. pun (loat- 

thald^vl' "■w » Hclonnidal MrPir, or 

ton Mt -""I'lifyixK usHuinp. 


CUV a 




which relates the two (lotemials. If we rir.w HuliKiiinit. 

difT'-ential 


^0 - 3 0 «> -. iirp, 


defining the scalai potential 0. 


(5.S) 
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Wc next substitute cuil a foi h fiom (5 1) into the fiist 
of (2 1) and hncl tluit 

—cuil cull a ~ ~ u ^ - e 
C c 

But if wc leplacc (iiil (lul a by its ec|ual, A^q — srnd 
div ot (20) and e liy ~a giad <j^^ fioin (5 2) this last 
cciiiation wdl take the ftillowing foini 

A'a - glad div a = - dxpu ^ a + giad i 6 

6 i,^ ° C ^ 

Also since the potCMitials aie lelated thiough equation (5.4) 
the g;iadients jiust tancel each othei and this simplihes into 
the equation 

A'a ~ ^ a = - - 47rpu, (5.6) 

6 C 


Wc thus sec that the potentials aic defined by equations 
(5 5) and (5.6) in teiins of the distiibulion and motions of 
the chaiges suiMiosed to be known and chaiacLciizecl by the 
cleiivsity p and the velocity u. The clectiomagnctic field 
is then given in teinis of these potentials thiough the 
equations (5.1) and (5 2). 

6. Electromagnetic Waves.— In the cthei wheie the 
electiic density p is /eio, the electiomagnetic potentials 
defined by eciuations (5.5) and (5 6), take the simplified 
foim 


A</i = 


I (9^0 



d^a 

dl^ 


( 6 . 1 ) 


when p is placed equal to zcio in these equations. We 
shall see that these aic typical wave equations, so we aie 
led to the conclusion that all electiomagnetic distiii bailees 
aic propagated thiough space in the foim of waves 

Tf the clkiiactci of a distiu banco sot up in the cthei and 
piopagatcd in all diicctions is independent of the direction, 
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the wave form woulrl lie Hplierical and a Ininimn uf th,. 
time and the distance fioin tlie snuice of ihe dlMiinhaiue. 
If wc (hus assume that the iHUeiUiak 0 «tu<l a .ue finn linm 
of r and I alone, equations (h. I) may hr piH iiiPi fiHms 
which aic easily solved. These solulions will rxlnhii in a 
gencial way the chaiacler of eleetioniaKJielir <li qiuhant es 
traveling thiough space. We will hme thru, ihe 

tiansformation theoiem (Ha) and the deliniliiut fur the 
operator A, 

A<l> s= div gtad 0 » div grad 
« ^ cliv glad r T giad r • giad 

dr 

= ^div giad r + guul r • grad r 

But since 

div grad r 

r 

and grad Hs the unit vcclor, |r, this Uwt taken 

the simple form 

, 2 50 
r ¥ 

which may evidently be wiitten as 


1 5^r0 
r dr^ 


It will also be quite evident that A'« will have the forn, 

1 5Va * 

7 5r» 




4'a 


+ {Aa„)j (4rt,)A; 


i[ 


Dr* 


3''* ^ ^ Dr 




i 9V« 

7 Dr* 
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so that equations (6 1) i educe to 

d/ ^ dt‘^ 

d^r a _ 1 d-ra 
d/- ~ 7^ 


(6.2) 


Nfow these equations in vcf) and as dependent vai tables 
aic identical in foim with the wave equations alieady con- 
sideicd, so then solutions may be wiitten down by analogy} 
we thus have 



Ihcsc aic in a sense the goneial vsolu Lions, since ^ and a 
involve aibitiaiy functions of tlie arguments indicated. 
The velocity of piopagation hcie is c, the velocity of light. 
The case consideicd in Chapter III wheic the velocity of 

piopagation is couhl have been tieated in the same 
V CM 

way. 

Foi the wave foims tiaveling oul fiom the source of 
the distill banco wc need wiitc 


0 = 



( 6 . 4 ) 
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The electromagnetic intensities obtained by substituting 
these values in equations (S 1) and (5.2) aie thus 


h = curl^ ai(t — ^ 


(6 5) 


where the superscript heie used indicates the dciivativc of 

ai with respect to the aigument I . 

c 

7. Plane Waves — ^The waves consideied in the last 
section were spherical in foim. If the wave fiont is far 
removed from the source of the disturbance it may be 
regarded as a plane wave We piocced to apply the 
previous theory to this situation. 

If we regard the wave as perpendiculai to the axis OX^ 
and traveling outwaid fiom the oiigin of cooidinates along 
this axis, the electrodynaniic potentials will be functions 
of X and t alone. Equations (6 1) defining these potentials 
then simplify into the equations 

__ 1 d^(f> 
dx^ dl^ 

B^a _ 1 B^a 
c® 6^3* 


We are thus justified in assuming that the potentials have 
the form 



a = 




(7.1) 


for the disturbance traveling outward from the oiigin, the 
source of the disturbance. 
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But these two functions aie i elated thiough equation 
(5.4), which 1 elation in this case becomes 

&Clx 1 0<li /y o\ 

d\ 0 dt 

Also 

dx c dt 

and 

— ^ ^ a' = 

c dt c dx 


wheic the siipeisciipL is used to indicate the dciivativc 

"V r 

taken with i aspect to the aigument / — . Thus equation 

(/ 

(7.2) may be wiitten in the two difleient foims 

dax _ ^ d(h _ ^ ('7 3 ) 

^dx dx' ~dt dt' 


We have for solutions of these two paitial diffeicntial 
equations 

ch <l> “h t'lfO 
cfj! " 0 -h 


In comparing these two solutions we see that ci and C 2 , 
functions of ^ and /, icbpectivcly, aic mcic constants and 
equal. We thus have 

(lx ~ 0 -h Cl 

and the constant ci may be taken equal to zcio, since it 
drops out in the detcimination of the electiomagnctic 
intensities. 

In icctangulai cooiclinatcs the electiomagnctic intensi- 
ties, as dermed by equations (5,1) and (5 2), take the form 


e 


1 

c 


(ftj I “I" (^vJ ”1”" 


d0 • 
dx 


h « cui I a « 


da, 

dx 




ddy 

dx 


k 
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Also siiu'c 


and 


I 

(h 

G 



dx 


Ov dx 


acToidIng to tlio first of (‘qiuilioim (7J), Lli(‘ .v conKliimlo 
of the voc’toi e vanishes; we thus hav<‘ 



I u»k) 

<}(h. I (lUu. 

d\ •' ' fix 


OA) 


If wc now lake the axis OF, p.u.dlel to the vector, a, 
its cooidinate, a„ vanishes; and if we put /({ - 
equations (7.4) become 



or in 1 octangular cooirlinales 

Cx ^ G, /lx KC GJ 0 

The function fl-® or (/> docs not eiitet this Bolution, mo wc may 
just as well afisunic that 



(It 0 S«t 0, 

_We see from equations (7.S) that the electric and mag- 
netic vectors are equal in magnitude, mutually perpendi- 
cular, and peipendicular to the velocity of propagation. 
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Tho eicctioniagnciic intensiLics thus lie in the wave fiont 
Also, since Ihoie is no comiHmenL of these intensities 
pauillel to the velocity of piopagation, we may conclude 
that eleetioniagnetic (lisUnhtinces aie piopagatcd as tians- 
veise waves. That elec tiomagnetic waves, which include 
light waves as a special instance, aie tiansveisc waves, 
used to bo logaided as an expeiimeutal fact. We must 
not conclude' fiom this that the electiic and magnetic 
vectois aie always at light angles to each othci and pci- 
pendiculai to the' velocity of piopagation. In fact, this 
is not the situation at all in the geneial case 

The eciuations defining and iheic'foic e„ and //, aic 
all wave ecpiations The special foi ms of the function, /, 
aie numoioiis; foi waves of a pei iodic type we may assume 
as a special sohiUoii that (ly or / is given by the equation 

ay = — f/ sin nil — 


Then eciuations (7 vS) become 


a c'os /n I 


h» ^ a eos 


(7.6) 


whcic ^ IS the fieciuency, and which is wiittcn here for 

is the amplitude of the vihiations This simple foim 

icprescnts a system of plane polaii/ccl light waves if the 
ficquency is high enough. At the time ^ « h, a wave 
foini will be in the plane x «= a:i, and since c is the velocity 
of piopagation, this same wave foim will be in the plane 
X « aji -b c(]l, at the time / « /i T (H, At this instant 
Lheic will be a new wave fiont, a dilTcicnt Cy, and a difTcrent 
ht in the plane. In fact, in this plane the elec tiomagnetic 
intensities go tliiough pci iodic values langing from —a to a. 
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8. Kirchhoff’s Delayed Potentials. — In oloctioalatics wc 
weie able to obtain the elcctiostatic potential as a solution 
of Poisson’s equation in the foim of a Newtonian potential 
function. We may obtain solutions of ecpiations (5.5), and 
(5 6), in a similai foim, by a method <Iue to KiichholT. 
These solutions will be Newtonian poU'ntial functions at 
an instant, /, for the distiibutioii and motion of the chaigcs 

at the previous instant, t — ^ This is a natuial expecta- 
tion, for the effects of a chaige, distant r fiom a point P, 
would be appieciated at that point aftei the lapse of the 

time interval since clecLiomagnetic distui bailees aie 

propagated in fiec space with the velocity, c, of light. 

Moie specifically, then, wc wish to show that the solu- 
tion of the equations 


A0 


A'fl 


dl^ 

_ 1 d^a 


— 47rp 
— 47rpU 


(«.l) 


are given by the equations 




-/I*. ..p- 




( 8 . 2 ) 


where the squaie blacked aie hcie Ubccl to cloiiolc llic 
electric volume density and the convection cuiicnt density 

instant ( Those potentials then chai actei izo 

we LJclnt tT ^ (8. 1) 
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The point P, dl which wo wish to clcteimiiic the potential 
we will select within a closed icgioii hounded by an 
aibitiaiy bin face cr If we now inclose the point P by a 
spheic, S, of infinitesimal laclius a, the second foini (19) 
of Gieen’b theorem foi the legion t, lying between the siu- 
facc a and the siilieie .S', beconicb 


~ ^A0)<’/r ~ j ((ff glad \f/ — \f/ giad 0) ’ndcr 
j (0 glad 0 — 0 giad 0) nda 


(8 4) 


We must lemcinbei heie that n is the ouLei unit noimal al 
evciy point of the siu faces hounding the icgion r; foi the 
spheic .S', then, n is diiected Lowaids the ccntei. 

tf we bulistitute the values of A0 and A0 obtainable 
fiom equations (H. 1) and (8.3), into the left mcnibei of 
(8 4), this menihei becomes 



“ 0 4" 47r J^p0f/r 


the fust integial of which expiession may evidently be 
written in the foini 


1 d 
dl 





If aftci this substitution we multiply equation (8.4) 
through by dl, and integiatc between the aihitiaiy limits 
h and h, we will have the equation 






-|- 47r 


M. 


pyj/dr 


— jj^ dl ^ (0 giad 0 — 0 giad <l>)-nd(x 
^j[ 0 — 0 giad 0) *nd(r. 


(8.5) 
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When the solution yp of cquaLion (5.5) wis a fmu'lion 
of r and i alone, we saw (6.2) that this holulioii assumed a 
special form; in accoi dance with this we will asHUine that 



where P, as foimcily, is an aibituuy function. Hy a 
proper selection of the aibitiaiy fundion F, we will be 
able to obtain oui solution ftom ecpiation (8.5) 

We now impose the conditions that the function F{i), 
vanishes outside the time intcival 0 e ^ 5, wheie 8 is 
a small finite quantity, and that inside this intcival, F(t) 
IS so large that 

jT = 1.* (8.6) 


Under these assumptions we aio able to piovc the following 
useful lemma: 


Lemma, 

JJ. for a fixed r, /i + - < 0 and h 
c 


Limit . r\ 

8-^ oj, 


— ^ > 5 Ihen 
c 

.r « [X] 


The of this lemma depends on the fact that the 
integral F(^t + ^^dt is unity, and this is a consequence 
of the conditions imposed on the function jf 

we replace < + ; by e, we will have 

c 


j[ f(i + = y V(6)de = rV(.)ds - 1 

Jo 


• It is easy to co„,n„ a .,.o» co.ulldo..a „r« 

8 ed by the function cos — , If /(,) |s dclined as unity for 0 S . S J 

and zero outsjde this interval. 
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the iiitegial from + - to 0 and fiom 5 to ^2 + - are zero 

c c 

since F{^ vanishes outside the interval 0 < e < 5 To 
evaluate the limit of the integial in the lemma we con- 
sidei the extreme values X' and of X in the iiiteival, 
0 e 5 The integial itself will He between these 


extieine values, since the integial 


.s unity. 


A * Y 

Also since € i anges over the interval 0::^ 6, 6 0 i/ + - 

c 

becomes zeio with 5, so that the exLicine values X'{^ and 
X”{€) of X(e) appioach one and the same value, X(0), 
with vanishing 5 We may thus write 


Limit 
5 


+ '^dl = X.o=X, 


[X] 


We will now apply this lemma to the second integral in 

equation (8.5) When we leplace f by i this 

integial may be wiitten in the form ^ 




The function X in this case is and accoiding to the 

T 

lemma the limit of the time integial as 6 appioaches zero 
is and the volume integral i educes to 

This will be the left mcmbei of equation (8.5), for the first 
integral vanishes at / — /i and t ~ t 2 , since \p and there- 
fore also aie identically zeio outside the interval 

Op 

0 < € < S. 

The second part of the integial ovei the surface cr, 

— jj^ dtj ^ grad ^ • nda- “ 

_Jp [gfad (f)]'nd(T 


r 
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since - grad ^ n plays the i61e of the function in the 
application of the lemma Also since i/' = ^ 

gracl^ = |^giad/ = - 1 g, ad ,• 

+ giadc 


and the first part of the integral ovei the suifacc o- 
M (j> grad ^ nde = — X'-X p-giadr nF(^t + ^dl 


+ 


j'rf.j['’|g,ad, nF'(t + ^)dt. 

If we now integrate by paits the tunc intcgial involving 
F'i^t + ^) as a factor, we will have 

p -j.gradr n p,r ^ . Ug.adr n <■ 

Ji cr \ cj \ ^ c/ cr „ 

_p3|.gra^ / A 

Jtv dt cr \ c) 


The first of these two integrals vanishes, since F is zeio at 
the limits ti and 12 , while the second of these inlegials 
becomes 

[ S^lgracI r n 
J cr ’ 

upon the application of the lemma Also according to the 
lemma the integral - becomes 

- n<^] grad r 
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SO that the complete uitegial over the suiface <r takes the 
foim 


i 


[<!)] gi ad r n 


dc 


-fl 


5(^1 gi ad 

di J cr 

J ^ giacl <i& n 
. r 


r n 


d<T 


dff 


(8 7) 


The integial ovei the suiface of the sphere S will assume 
the same foim as the integial ovei the suiface a The two 
I 

intcgi als involving ^ as a factoi and taken ovei the sphere S 

will evidently appioach zeio when the radius of the sphere 
appioaches zeio. If we wiilc [^'] and foi the cxtieme 
values of [(f)] on the suiface of the spheie, then the remain- 
ing intcgi al 

_ n^] giadr-n ^^^ ^ * 

Ja Js 


over the suiface of the spheic will He between 4ir[^^l and 
47r[<^>''l But [(j)'] and approach one and the same 
value, [</>], at the point P, as the ladius a approaches zero 

Also in this case goes to zeio with the radius 

c c 

of the spheic, so that the sqiiaie biackets have lost their 
sigmlicancc and may be omitted, We thus see that the 
integial ovei the suiface of the spheic is equal to iTr<}>{P) 

If we now choose oui suiface, a, as a very laige sphere, 
ladius R, with center at the point P, then, by a very mild 
assumption about the function 0, we will be able to show 
that as the ladius of the spheie is made to increase without 
limit the suiface intcgi als (8.7) vanish We will assume 
that up to a ccitain time, /, the function was identically 
zeio in the infinitely i emote icgions of space. Then since 

in these integrals <!> is to be determined at the time ^ 


* At the surface of the sphere giad r and n arc unit vectors of opposite 
sense, so that then scalat product is —1 
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which for a sufficiently large R is previous to the instant h, 
the integrands of all of these mtegials are identically zcio; 
t us the integrals are always zero, and we have, finally, as 
R increases without limit, 

^ = CWl 

Jt Y 

It will be evident from this that the vectoi potential 
« will have a similar form * or the electiomagnetic poten- 
tials have the forms given in equations (8 2)4 

9. Ether Stresses and the Electromagnetic hi omentum. 
^Another idea similar to the idea expiessed by the flow 
of energy is Abraham’s eleclromagnehc momentum This 
i^s arrived at by considering the lesultant electromagnetic 
force on a group of electric corpuscles, possibly constitut- 
ing a ponderable body in a particular electiomagnetic state 
e resultant force on a region t, bounded by a suiface cr, 
containing the corpuscles on its mterioi, will be given by 
the integral 

^ X /i)f^T (9.1) 

^ By an application of the field equations (2 1), this 
integral may be put into a more significant foim We will 

replace the electric volume density p, by ~ div e, and the 

conduction current density pu, by its equal, 

~(c curl h - e), 


* From the equation 


we see that 


. 1 d^ax 




in electromagnetic potentials are given by Schott 

m his book on Electromagnetic Radiation ” ^ ^ 
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SO that oiu iiitcgial may be written in the form 

F - e>e - ^eXh - hX curl }^dr 

We note fiist that 


^Xexh) = eXk + eXh 
at 

or 

e X h ~ ^ + ce X curl e 

at 


when we leplace h by its value fiom the field equations 
(2.1). Also .since div ft is identically zero wc may intro 
duce the additive tcim (div ft) ft, into the integrand for 
symmetiy. If wc intioduce this teim and substitute the 
value foi e X ft just obtained, we can break F up into two 
components so that 


wheic 


and 


jP c= -|- ^*2 

Fi ~ ^J^[(div e)e — e X curl e 

+ (div ft)ft ft X curl h)]dr 

„ ^ ^ r g X hdT _ __ ^ r 

^ C dtjr ^TT dtjr 


sdr 


(9 2) 


To analyze the charactci istic piopeities of the pondero- 
motive foice F, acting on the elcctiomagnetic system 
inside the siufacc a, wc may first considei the system to be 
ill a steady state. The foicc component Fz vanishes, 
since 5 is constant with time; the lesultant force is then 
the single component ^* 1 , which may be transformed into 
the surface integral 

« _L C[2e ne - e^n + 2ft>nft - h^n]da * 

Stt^ 


*Tbi8 Iransfoimation theorem is beyond the elements of vector analysis, 
its validity may be demonstrated by transforming one component of the 
electric vector into a suiface integral For the x component we have 
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Thus the quantity m square biackets divided by Stt is the 
stress across the siuface element rfo-, due to the cthei out- 
side the bounding surface Foi bicvity we will consider 
the stress components due to the electric intensity. We 
will adopt the usual notation X„, Y„, Zn foi the stiess 
components paiallcl to the indicated axes acioss the ele- 
ment whose normal is indicated by the index. If we 
project the resultant stress across the element on OX we 
will get 

SirXn ~ 2e nex — e® cos (nx) 

— lenCx — cos (nx) 

If the element is taken normal to OX then X,, changes to 
X,or 

SwXx — 2ex^ — 

Also since 

SttFa = 2e ncy — cos {ny) 


Jtb. + a, + STj''* + W - “ iFjH* 

and by Gauss's theorem 

— ^ \ — e**) cos (xn) + cos (yti) -f- 2Cjea cos (zn)]da 

[2c* {e, cos (x«) + «!/ cos (y») + cz cos (zn)] — c* cos {xn)\d<r 
=lj^[2c*en — e®cos (xn)\d<j 

Thus the vector form lor the integrand is composed of the two component 
vectors 

2en(exi + + 6tk) = 2e ne 

and 

[cos (*«)i + cos (yn)j + cos ( 2 »)fc| = — e^n 
The general transformation theorem is therefore 

J^(div MU - u Xcurl u)dT ^ (2u nu - u^n)d<r. 
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it follows that 

SirFa — qqs (vy) = le^ey, 

and 


Thus XxYxZ^ appeal as the components of the vector T*, 
the stiess acioss the clement noimal to OX In just the 
same way we may find the stiess components across ele- 
ments m the and planes, or we may permute the 
indices. Thcie will be just six of these components, since 
y* — Xv, etc These components define the stress at a 
point in the sense that the stress acioss every plane through 
the point may be determined in terms of the stresses across 
three mutually pci pendicular planes. This theorem is 
not difficult to believe, since we have used its converse in 
deducing the six components of stiess 
If we intioducc the cncigy density 

__ 

^ ” Sir 


and include the magnetic let ms, the stresses across the yz 


plane will have the foi m 






ry Bx^z H~ 

Zx - 

“ 47r 

M/, J. X 

4ir 


Or the complete stiess system may be 

written in matrix 

form 





XxXyX, 


CxCy-i-hxhy, 

Cx&t']rhxfit 


y^nn ^ 

CxGy-\-hxhy, 


6yCt-\-hylli 

(9.3) 


CxGf-^hxhx, 

hyhft 




whcie we have finally used (i.e.s.) units to drop out the 
47 r. This is the stress tensor, oi in our particular situa- 
tion, the clccti omagnetic stress tensor. This tensor, first 
deduced by Maxwell, seems to play an important r61e in 
gcncial relativity theory, 
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We are not insisting on the leality of the cthci sticsscs; 
but we can use the language of meclianics moic ficcly 
Thus, in the case consideied, the poiidei omotive force F 
may be thought of as due to a system of cthci sti esses ovei 
the bounding surface, and in the general case wc see that 
these stresses form only a part of the foice acting on the 
electromagnetic system 

Suppose next that the surface a contains no clcctiic 
charges in its interior, then the density p s 0, and as a 
consequence = 0, or 


We thus find that there is a non-zero force acting on evci y 
volume element of the ether Or no volume element of the 
ether is in equilibrium under the stress system acting on its 
boundary. 

If now we restrict our considerations to a system of 
finite dimensions, which is always the actual situation in 
experiment, then the bounding surface <r may be any 
arbitrary surfaceinsideof which lies the system of coipusclcs. 
1 his IS true since the integrand of the integral (9 1) vanishes 
identically at points of the region t, where the density p is 
zero We will now transform the volume integral (9.2) 
into a surface integral, and let the arbitrary bounding sur- 
ace . recede to infinity in ail directions, it will be scon 

component Fi vanishes, 
e e IS a Newtonian force intensity and vanishes at 

infinity like — , the integrand of the surface integral, 
involving the electric intensity, vanishes at infinity like ^ 

vanishes d we incJe 

same argument .s apphcable to the surfarintegral Ion! 
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laining the magnetic intensity h m the integrand The 
^01 ce component is thus zero, and the foice F reduces to 

where the intcgiation is to include all space. 

If we wiitc 



where the subsciipt is to indicate as befoic that the region 
of intcgiation is entire space, then since 

(95) 

at 

the vector G has the chai actei istic pioperty of momentum, 
namely, its time rate of change is foice. It is this quantity, 
G, that IS inferred to as the electromagnetic momentum 
The foice F is thus closely i elated to the flow of eneigy; 
in fact, the flow of cneigy in evciy volume element con- 
tributes its part to the iiitegi al 

10. Radiation Pressure.— We shall apply the idea of 
electromagnetic momentum to the problem of ladiation 
pressure To do this we considei a soiiice of light sending 
out rays in a single dliection; the souice will thus be fai 
removed, so that the light rays will be paiallcl lays. 

Suppose this ladiation entcis a cylindei of light section 
0 -, whose elements aie parallel to the light lays. Then the 
energy that crosses a section of the cylindei is equal to the 
flux of the vectoi ladiant s, thiough this section. To 
compute this we will assume that s at every point of the 
section may be replaced by its average value 5, taken for a 
whole period ; then since the radiation is traveling with the 
speed c, the radiation crossing the section cr, in the time di^ 
will evidently be 
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cdt being the altitude of the cylinclci containing the ladia- 
tion under consideration. But |G| is this encigy multiplied 

by ~ (9.4) and 

1G| = 1 = \F\ 

0 

so we see that [slco-, the radiant eneigy per unit of time, is 
just equal to or 

m = 7 w 

0 


Thus if the energy is intercepted by a black disk the pressui e 
on the disk will be given by the above equation 

For plane polarized light we may easily compute the 
average value |s|. We will take the axis OX as the direc- 
tion of propagation, and e and h parallel to the 0 Y and OZ 
axes, respectively, then (7.6) 


and 

Hence 

|sl 






ca^ 

Sir 


or the pressure on the disk is 


8x 
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SPECIAL RELATIVITY AND THE ELECTRODYNAMIC 

THEORY 


11. The Michelson-Morley Experiment.-— At the time 
o[ llio Michclson-Moiley expeiimcnt phy&Icists in general 
ontcitaiiu'd the concept of a stagnant cthei which per- 
colaU'cl unclisUubed thiough a moving body. These are 
added conditions on the ethei alieady defined as a medium 
buiiixnting the piopagation of elcctiomagnetic disturb- 
ames. It was expected that the stagnant cthei would 
furnish a fixed fiame of lefeience with icspect to which the 
absolute velocity of the eaith thiough space could be 


d(‘ Lei mined. ^ . r i 

Just how the physicist ai lived at this conception of the 

ethei is a long stoiy not pei tinent hcic But if we hypothe- 
cale such an ethei we will be able to discuss the theory of 
till' Michelson-Moiley exiieiiment and the consequences 


which followed its failuio. 

The appa^-dus used in this cxpciimcnt consisted, in 
pail, of bwo ccpial aims, OA and OB, at light angles. 
Instead of consUleiing the appaiaUis as moving through 
the ether we may legaicl the ethei as di if ting past the 
aniiaiauib wUh Uic lovoise velocUy « of tltc cailli Then 
if OA ih Liu nod paiallol and opposilc to the clhci stream 
it will 1)0 easy to show that it will lake longer for a ray of 
light to travel fiom 0 to A and hack than to go from o 

J3 and hack ac'ioss the ether ciuicnt. ^ 

If 0/i ^ OB ^ a, then the time foi the tup fiom O to 


, whcic c is the velocity of light and « the velocity 
of the ether relative to the appaialus; the time of the 
return trip will evidently be since the light and the 

ether arc traveling in the same dncction, or the trme of 
the whole tiip is 

ft ^ 2ac 
c - It c + w •“ 
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In computing the time t 2 of the trip from 0 to B and 
return, the light ray must have a component velocity 
parallel to the motion of the cthei, so that the velocity 
along the arm is |i;^en 


2a 


If we write 

A 

12 = — ;; . 

'V 



h - 

(11.1) 

and 

c 

(11.2) 

where 






a quantity greater than unity, we see at once that h > k. 


When the experiment was tried the interferometer 
exhibited no interference bands Or the experiment 
showed conclusively that h and h were equal. Thus the 
ether failed entirely to function as a fixed frame of reference. 
It would seem that the natural thing would have been to 
abandon the ether hypothesis altogether, but at this time 
the electrical theory of matter was being evolved, and the 
work of Lorentz and Larmor on the electron theory, 
which even hypothecates the electron as a modified form 
of the ether, seemed very promising Then physicists 
were addicted to the undulatory theory of light, and they 
simply had to have a medium for the transmission of 
electromagnetic waves At any rate, since the ether 
hypothesis was retained, it was left to the theorist to 
obviate the inconsistency in the theory and the result of 
the Michelson-Morley experiment. 

One way out of this dilemma was the suggestion that 
the ether might be convected along with the earth ; another 
was that the velocity of the source relative to the observer 
modified the velocity of light for the observer But the 
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suggestion of FiUgcralcl, that the ether percolating through 

the aim paiallcl to the ether duft must 

traction of the aim, was the one that survived and was 

Utilized by Lorentz. 

Thus 'll OB == a and \vc take OA - according to t e 
Fitzgeiald hypothesis, then, 


I2 — 


2a(3 


and li ~ 


2a 


or h = h, which is in accoid with experimental results 
Or, what is the same thing, if either aim is of length ^ 

when perpendicular to the ethei drift, it contracts to ^ 
The^ Lorentz Transformation Equations— Physi- 

J b J w,.v«i te . lob. •"Lt'liL 

is the same at every point of free space and ^ c „ 

tion Th!t the velocity of light might be the same for ^ 
oteerver fixed in the ether and one moving uniformly 
through it, as the failure of 

ment seemed to indicate, sugges s observers, 

tions might have the same form for two such observers. 

This was the point of view of Lorentz. ^ 

Under the hypotheses of a ^ 

gerald contraction we procecdJoM 

fixld it the'^fther aie related to the coordinates (*', /, /) 

of the same poini referred to a fmme “ 

with a uniform velocity ii thiough 1 . iv ai s'! as 

refer to the space defined by the by the 

the space 5, and the superimposed space defined 

coordinates (v', /, a') as the space . 

For simplicity we shall choose the O X and t^^^. 

axes coincident, and suppo^ tha^^ ^ ^ 

i„ the daection OX ^ ^ ^ ^ that 

0' is at'o,' he find that the distance from the point 
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(x, y, z) to the y'z' plane will be r — uL He also knows 

that the measuring stick used by S' in mcasuiing this 

• • .1 

distance is shortened in the latio of - accoiding to the con- 

traction hypothesis, so that x', the nicasui ement of S', 
will be ^ times too large. Thus 

x' = fi{x — ut), (12.1) 


To determine how S and S' measuie time, we fiist 
time a light signal over the double journey OA, The 
observer S' moving through the ethei with the velocity u 
of the earth, and not awaie of his motion, estimates the 

trip as 2a and the time — , but S, who knows that the ai m 

c 


OA is in uniform motion, uses the coiiti acted length 


2a 


and figures the double journey, according to (11,1), to be 
f ^ We thus find that 


i = 


( 12 . 2 ) 


or the units of time used by S' are larger than those used 
by .S 

There is another difference in their time measurements. 

The observer .S measures the trip from O to ^ as — r, 

/3(c — u) 

in his own units If he uses the units of S' in measuring 
the same trip he has to divide this by /8, according to 
(12,2), or 

g ^ , aw 

— u) c * 


But S' figures the time of this trip to be -i thus if S'^ 

c ^ ^ 

located at A, wishes to set his clock with the clock of S at 
0, he will add ^ to the reading he gets to allow for the time 
It takes the signal to reach him But .S', figuring the time 
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of the tnp as - + ^ hi units, knows that .^'’s clock 
c 

has been set ~ units too slow measuied in own units 
Thus if S' measuies the distance x' at the time t in his own 
units S will coiicct the time, making it t' + When 

V 

we intioduce the coriection term ^ into (12 2) we will 
have 

If we substitute (12.3) into (12 1), we will find that 

X = j3(v^ ut') 

so that 

^ = /3(v' + «/'). y = y'. 2 = 2'- ' = 


furnishes the space time relations between the two ob^rv- 
CIS Also, since S's measurements will not change if he is 
moving through the ether, (12.4) will still hold providing 
S' is moving relative to 5 with the uniform velocity «. 
This set of equations is due to Lorentz, who introduced 

as some sort of fictitious time. 

For 5 to say that his clock registers a certain time whic 

is simultaneous with the reflection of the light at 4 h^ no 
meaning, unless 5 knows the velocity of ‘he place d 
The obLrvor at 0 figures the time of the event at A m 

terms of ^ The old idea of simultaneity involved a 

time and two places, now it requires an additional knowl- 
edge of a iclalive velocity 

^13. The Relativity Viewpomt.-The general jelativi^ 
point of view of Einstein may best be summarized y 

formulation is ^ndependent of the chot J 
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system. Or more mathematically the statement of a 
physical law is a covariant relation 

The first fundamental postulate of special relativity 
is a special instance of the postulate of general relativity; 
it may be briefly stated as follows 

Physical laws or the equations defi/mng them expressed 
%n one rectangular cartesian coordinate system should take the 
same form when referred to a second rectangular cartesian 
coordinate system moving uniformly relative to the first with- 
out rotation. 


This is really the conclusion of Lorentz and Larmor, 
while it IS just the starting-point for Einstein 

The second fundamental postulate of “ special ** rela- 
tivity is possibly a natural conclusion to be drawn from the 
failure of the Michelson-Morley experiment. It may be 
put into the concise form* 


The velocity of hght is the same for all observers. 

This hypothesis that the velocity of light is constant 
IS a universal law, though possibly only approximately 
true In fact we may state, parenthetically, that in gen- 
eral relativity this postulate is thrown out entirely 

This second postulate throws suspicion on the hypoth- 
eses used in the deduction of the Lorentz tiansformation 
equations (12 4), wherein the velocity of the observer was 
added to the velocity of light However, the equations 
are correct under the special relativity hypotheses, and 
may be deduced directly from the second postulate We 
problem from the new point of view. 

If a point of hght is moving with velocity c, and after 
tte time interval dt its space coordinates have changed by 
cwc, dy, dz, then S figures that 


ax^ dy^ + dz’^ - 


, — J. f 

’ '“‘■‘■esponding space time 

intervals for the frame S', then 


dx'^ 4- dy'^ + dz'^ = cW^ (13 2) 

since the velocity of light is the same for both observers 
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The pioblem now arising is a purely mathematical 
one How must the space time coordinates of the two 
frames be i elated so that (13 1) and (13.2) will hold? It 
is not difficult to analyze this problem, the essential non- 
trivial solutions are contained in the Lorentz transforma- 
tion equations. Since we aheady have the solution we 
will utilize it, then if the Lorentz transformations (12 4) 
are substituted into (13.1), equation (13.2) will be the 
immediate consequence; this furnishes an adequate veri- 
fication of the solution of the problem. 

One of the first observations of Einstein was that the 
Loicntz equations (12 4), when solved for the coordinates 
x', y\ 2'. f'l cxpiess the symmetrical relation 

x! = fi{x - Ui), y = y, 2' = 


which just reverses the situation of the two obseivers. 
The I' appears now as S'’s local time. Accordingly 5 
may assert that 5 is in motion with velocity -u. that his 
meiuring lods aie shortened, and his clocks are slow. 
Each observer may make these assertions, and there is no 
w^y of knowing which is correct. We must now look on 
t aid <' as each observer's local time. Also it is the relative 
velocity of the two observers which plays 
1 -Ale and not the percolation of a stagnant ether T 

deduction of the Lorentz transformation equations from 

ie second postulate in no way involves the hypothesis 

n qtairnant or any other kind of ether 

Thus the Fitzgerald contraction may no longer 
1 ir 1 nnnn as a oroperty of matter due to the percolating 
irrX Helltion between the obse^er and 
ether, nbserver at rest relative to a body, its 

matter. For any observer in uniform 

lengthhasitsmaximumv l ^ 

motion parallel to ^ by A which length 

becomes its the bliy approaches the 

approaches zero as the velocity of the Doay pp 

velocity of light* 
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From the new point of view, whether geneial relativity 
or special relativity, the question of the existence of the 
ether does not arise, foi m relativity theoiy wc strive to 
formulate physical laws in such a way that they will be 
valid for every cooidinate system. Thus iclativity theory 
furnishes us witli a ciilerion for dctei mining whether a 
physical law is correctly formulated or not We proceed 
to apply this to the equations of the clcctiomagnetic field. 

14 Lorentz’s Equations for Free Space Correlated 
for the Spaces S and S \ — ^We wish now to show how 
Maxwell's equations for free space aie invaiiant under the 
Lorentz transformation (12 4) Or we shall show that 
observers in the spaces S and S' will use the same form for 
the defining equations of electiomagnetic phenomena. 

In changing from the coordinates of the frame S, to 
those of frame S', two formulae which we proceed to deduce 
will be found convenient Since x and t arc functions of 
x' and t' (12 4), we may write 

if = _L 

dx dx' dx dt' dx 
and 

if = if 4, it ^ 

dt dt' dt dx' dt 


But from equations (13,3) we see that 


and 


~ = R ^ ^^§2 

(^X dx 


Bt IF ~ 


so we find that 


if 


if 

dl 



V df\ 
c2 dn 


(14 1) 
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which aie the foimiilac wc wished to deduce. should 
be observed that the lelatlve velocity w has leplaced the 

wiite the hist of Maxwell’s equations for free 
space m the cooidiiiatc foim 


'cTt dy dz 

1 de„ _ dhx _ 

'c~dt ~ dz 

^ ^ ^ — — 

c dl dx dy , 


(14.2) 


If we apply foimulac (14 1) to 
(14 2), and tiansposc teims, we 


the second and third of 
will easily find that 





V 

c 


e 


.) 





e'x = 
h'e = 

h'y = 4 - ~ ^*)* 


and 
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We easily solve these equations for hy and h„ finding that 


hy = ^{h'y - ^ e’)j 
hi ~ 1 + 


If we substitute these values foi hy and hi back into the 

first of equations (14.2), and leplace by its equal, 

ol 






we obtain the first of (14 2) m the foim. 

cLar \av' a/ az' /J ay 


dz' * 


(14.3) 


We at once conclude, for an invariant foim of Loientz's 
equations for free space, that in addition to the relations 
already found we must have 


and 


6x — 6 X 


div e' = 0 


If we substitute these relations together with the 
relation 


hx = h*x 


into the second of Lorentz’s equations (2.1) we will find 
that it is identically satisfied providing we impose the 
condition that div h' = 0 

Instead of doing this, which is a simple matter of direct 
substitution, we will make a table of our results and draw 
our conclusions We have first 


<5. c'xl ey - ^ 

h. = h'.X = ?{h', - le'.y,h. = + %',) 


(14.4) 
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and solving we get 

e'. = e.; e’. = e'. = + ”^«) 

h'. = h'.-,h', = fi{lh + I e-);*'- = - l‘‘) 


( 14 . 5 ) 


while the field equations 

1 = rot h* 

c di' 

^1L = rot 
c m' 

div e' = 0 
div ft' = 0 

for the flame S' aie identical in form with those for the 

f s 

' Equations (14,4) and (14.S) toll us that when 

a = 0, then e = e', and h — h , 

An observer m 5 will assert that relations (14,4) «'-e valkl 
when the Irame S' is moving with velocity n, while c 
observer in S' may assort that (14.S) is valid when S IB 
moving with the velocity -u. Also since 
M4- S'! and conversely, and since the field q ^ 
obser^rs in 5 and S' are identical in form, either may 
aLrt that his equations of the electromagnetic Rekl m 
tTe spLe are the true ones, and there is no way of know- 

'"^it^The Collation When a Convection Current Is 

Present,-If there is a fho 

present, then the transformed equation (14.3) carries the 

additional term in its left member; it will then read 


/3 de, _ + 4 ^) 

c dt' c \Bx' ^ 


a(Bk'z dh'v \ 4 \ 
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while the equation 
becomes 


div e == 4Trp 



(15.2) 


If we multiply (15 2) by ^ and add to (15 1), and multiply 

(15 1) by - and add to (15 2), we obtain, respectively, the 
two equations 


dz' 


- ») j = 

dive' = 47rp/3^1 - 


dh', 

dy' 


(15.3) 


For an invariant form in this more general case wc 
see from these last equations that the following two equa- 
tions must hold ^ 



(15.4) 


A equations are valid, 

tot eau«f ‘•’at the 

erJe thtn When we differ- 

entiate the first and fourth of (13 3) we get 


dx' = f3(dx ~ vdl) 
dt' ^^dl ~ ^dxj 
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while the diffei eniial quotient 


dx' 

dt' 


^-1-v 

di 


1 


V dx 


or 




Ux - V 


1 - 


U-xV 


If we solve this equation tor u. - » and multiply by 0fi we 
find that , \ 

-v) = /3p(l - Tt)"'' 

which IS the fust of (15 4) piovidccl the second of (IS 4) is 

true, i.e , piovided that 

, . /. VUx\ 

p = 

We will prove in the next article that this e^u'^bon is 
true, let us assume for the present that it .s valid. Then 

the term i 4,r^p(». - «) becomes I iirp'u'.. while the second 
c 

equation will lead ^ 

In this case of the convection cuirent the second and 
thiid of equations (14,2) cany the additive terms 

- Airpth and ^^-irpu, 
c ^ 

respectively Now 

dy dy' ^ 

= dt W ~ dt' dl 

dl' = ^{dt - $) 

u, = ^(l - 


since 


and similarly 
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If we now substitute these values of Uy and Ut m the addi- 
tive terms mentioned above and use the fact that p' is to 

be equal to /3p^l — will be seen to i educe to 


1 1 

- 4Tr p^u\ and - respectively, 

c c 

The field equations for the space S' in this case thus become 


c\dt 


~ -f- 47rp'u'^ = 


curl h' 


— i = curl e' 
c dp 


div e' ~ 47rp' 
div A' = 0 


and again there is no way of determining which observer 
has the true defining equations, 

16. The Invariance of Charge Hypothesis. — ^We will 
show here that, under the hypothesis that the electiic 
charge is invariant under the Lorentz transformation, 

P' = Pp(i - ^). 

This will complete the demonstration of the previous 
article wherein the field equations in the electron theory 
were correlated for the spaces S and .S', 

An observer at rest relative to a volume element 
measures the element as an observer in the frame 5, 
who sees the element in motion with the translatory velocity 
Ut measures the same element as dr, but since the second 
observer is really moving with velocity u relative to the 
element, he must correct his measurement parallel to the 
direction of motion or 

= ir(x - 
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Siniilaily an tin* Hcmont iu motion with 

u\ inoasiiM's llu* i-h’im-nl as tlr\ and couerting 
his nuMsuiomont'' wo Itnd that 


,It„ </r'(l - 


'riius 

tir* (I " «•*) ^ 

tlr ( I 



hrnco 


f4 

I 

1 , 
•'(' - :■■) 


iMnally lluni 


or 


dr* I 

p/3(l - 


If then wo aBsumo that tho chaigc in tlic element dr' is 
the »amt; aa the chaige in dr, or that 


then 


pW as pdf 
p' ^ 


which conipletca our pi oof. 
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In this deduction the iclativity hypothesis cntcivS 
through a Fitzgerald conti action of an election oi an ele- 
ment of it. This fuinishes an explanation foi the Fitz- 
gerald contraction of a pondciabic body, i.e., it is due to 
the contraction of its ultimate pai tides. 

In the analysis we have also used the fact that 

- dx^ ~ dy^ ~ dz^ = - dx'^^ - dy''^ - dz'^ 

or that 

^/2 + y2 4, 2/2 _ H- _ ^2^2, 

But these are direct deductions fioni the Loientz trans- 
formation equations and picscnt no dirficulty. If we 
replace id by ii and td' by id the last equation will become 

+ y 2 2^2 _j. == .|_ ^2 _j. 2^ -f 

or our transfoimation equations furnish us a basis for a 
four-dimensional vcctoi analysis of the same chaiacter in 
general as the thiee-dimcnsional analysis piesented in the 
introduction. If we call the left nicmbci of the last 
equation the square of the distance fi oni the 01 igin to the 
point {x', y, z', u') in the fiamc S', and the light mcnibci 
the square of the distance from the 01 igin to the point 
(a;, y, z, u) in the frame S, we may assert as in the basis 
for our three-dimensional vectoi analysis that distances 
are invariant under a Lorentz transfoimation. 

An event, which is always chaiacterized by a time and 
a place in this space, is a point in this foui -dimensional 
world of Minkowski, while a continuous tiain of events 
will be a “world line," and thiee-dimcnsional kinetics 
becomes four-dimensional statics. Thus the Loi entz ti ans- 
formation correlates space and time in such a way that the 
relativity of space and time is as evident in the analysis 
as it is in fact. 

17 , The Dynamics of the Electron— In this intiodiic- 
tion to the electron theory we arc interested in the electro- 
magnetic field in the ether and the motion of the electric 
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colpuscles thiough ihc same medium. But when we wish 
to wiite the equations of motion foi just a single election 
we entci a domain where ordinary dynamics is invalid 
For one thing the election in motion is in general acted 
on by a foice due to its own electromagnetic field; this 
fact must be taken into account in some way, To exhibit 
this situation we pi oceed to determine the elccti omagnctic 
momentum of an election. 

Suppose the election is moving with a imifotm velocity 
V along the axis 0X\ then an observer in the fiame S' 
moving with the velocity v i dative to S is at test i dative 
to the election To him the field of intensity is a purely 
electi ostatic field, or h' will be zeio. To an observer in S 
the field will be an dectiomagnetic field with intensities e 
and h diflcicnl fioni zero. Thus the electromagnetic 
momentum 

foi an election in motion may be computed from the 
cl cell ostatic field in S' by using the coirelatcd values given 
in equations (14 4). 

Foi definiteness we will assume that the electron at 
lest is a spheie with its chatge uniformly distributed over 
Its sill face. We have then for this special case 

('X ~ ^ Xi Cy ^ fiC (fj Cg ~ J, 

Ih - h'^ - 0; hy ~ ; /j, = /3 

and there is no difficulty in finding that 

(e'y^ + ~ ^ Vy J - ^ ^ e'.e',k. 

C 0 0 

Foi points symmetrically located with respect to the 
zx plane has values which arc equal but of opposite 

sign, thus the integral fe';,e'ydr, taken throughout all 
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space, vanishes, and the sann* Ihinj' is Inu' f(u the iiilc- 
gral when e\ icplaccs the The monienliim is thus 
given by the equation 


" '''’ft- 


In oiu lesult avc have sinii)Iy i (‘placed vi l)y its (‘(pial V, 
dr' 

and dr by its equal It miusL be n<)((‘(l that dr is a 
volume element in motion lelative to the election, oi 

dr' ~ (^dr. 

Also 

ij'e'W = W 

is tlic elcctiostatic cnoigy of the election at lest. lienee 


so that 


where 


-I- c'.“)rfr' = h W' 
p _ 4 W'v 


(iv.i) 


if the chaigc is distiil)utcd unifoimly over the tturfaix* of 
the election 

The total field eneigy foi the moving election, which ia 
sometimes of interest, is given by the foimula 




By substiLiiting the cotrclalccl values for e aud h it m 
easily found that 

3/3 »3 



LONGITUDINAL AND TRANSVERSE MASS 


171 


If the velocity of the electron Is changing; slowly 
enough wc may legaid equation (17.1) as a foi inula for 
computing G at any instant as though v weie constant for 
that instant This is a case of quasi-stationai y motion. 
The approximation is valid, if cluiing a small iiitcival of 
time, including the instant in question, the change in the 
velocity during the instant may be neglected. 

Since equation 



gives the foice F, acting on the region undet considci ation, 
we may say that if the velocity v is constant, the foico on 
the election is zeio 0i an electron moving through the 
ethei with a unifoim velocity moves like a mateiial particle 
under no foicc But if v vaiics in direction or magnitude 

— is no longei zcio (17.1), oi the election moves under a 

foice due to its own cicctiomagnctic field 

18. Longitudinal and Transverse Mass. — If the veloc- 
ity of the election changes in magnitude and not in direc- 
tion, then as wc have seen (17 1), the electromagnetic 
momentum G is no longci constant. Wc will have in this 

case Ti^i , 

dG _ d\G\ dv 
dl d\v\ dl' 


If we wiitc fit' foi then —m' ^ is the force acting on 
the electron. 

Again, if v varies in diicction only, then thcie is a con- 
stant ratio holding between |G| and |i;| If wc designate 
this 1 atio by m”, then 


and 


G 

dG 

dl 


m 


dv 

dt 


or this foice acting on the electron in this case is 

,fdv 
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Usually m' and m** aie called Lho elect loniaRiietic masses 
of the election, the formci the longitudinal and the liitlei 
the tiansveise mass, Wc shall also disci iinmate ludwi'cii 
the accelciation hi the two cases considered, juid wii(i‘ 
dv 

~ in the first case whcic the accelciation is paudlel to the 
direction of motion, and in the second case Avhei o the 


accelciation is transvcisc to the dlicctlon of motion. 

Since the two aic mutually peipendii'ulai , we may 
now combine these two icsults for the casi* when v vuiies 
in both magnitude and diiection. Wo have then finally 


_dG 

di 


m 


,( 1^1 

df 


in' 


dv, 

dt 


for the resultant foicc acting on the electron. 

Thus the force on the clcctionic chaige is not given by 
the ordinary dynamical law which prcsciihes that force' is 
proportional to the acceleration. ICvcn the electionmg- 
netic masses are not constants, but uither complitalecl 
functions of the velocity. In fact we cannot in gentM'ul 
pick a single function of the velocity which when multi- 
plied by the acceleration of the clccUon will give the foice 
If 

“ Jp(e + i t) X aW 


IS the total force of e loctromagncllc origin acting on the 
electron, and if F la the resultant of all other foicca, nnci 
It for convenience wc assume that the electron iiosaosaea an 

0? Srot wirL"*'" 


since 


Wo 


dv, 

dt 


+ Wo 


dv. 

It 


F 


_dO 
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But the expel imcnts of Kauffman and otliers indicate that 
the total mass of the election is clcctiomagiictic. If we 
assume this to be tiuc, and if the total foice which holds 
the election togethci and preset ves it as an entity has the 
resultant zero, then the last equation tells us that the 
electromagnetic foices and the applied foices of non- 
clcctromagnetic oiigin form a system m cquilibiium. 

Also since 

Q __ 2 V 

foi the Lorentz electron, it is a simple cxci cise to show that 


and since these aic different except when v is zero the foicc 

has the directions of the acceleration only when ^ or ^ 
is zero. 


18 . The Theory of Kauffman’s Experiment. — ^Thc phys- 
ical basis for the conclusions of the last aiticle lies in the 
experiment of Kauffman. To deteimine the natuie of 
the mass of the clccti on a stream of elect! ons from a radio- 
active substance was passed thiough a known electiic 
field e, pcipendicular to the geneial direction of motion of 
the elections, and their defiections measured. If r is taken 
as the ladius of curvatuie of the path, and v the speed of 
the electron, then from elementary mechanics it is known 


that the acceleration will be — . But ee is the foice acting 


on the electron if we neglect its own magnetic effect, so 
that 
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If the electric field be leplaced by a magnetic field, the 

force intensity on the election will be - t; X h. If wo call 

c 

r' the radius of curvature m this case we have similaily 

ev\h\ _ 

cm ~p 
or 

e\h\ _ ^ 
cm r' 


In the previous case if r and e are known, is known, 

mv^ ’ 

also if r and h are known — is known. From the values 

TTtl) 

mv ^ ^ computed. The velocities 

of the electrons were found to range Xiom .6 to .9 the 
velocity of light, while ~ decreased with the velocity. 
This decrease can be attributed only to an increase in 


mass, m fact, the decrease in ^was so marked that the 

mass m would seem to be entirely electromagnetic, which 
agrees well with the preceding article where the longitudinal 

veloaty”^''^*^^^ functions of the 

This IS one of the outstanding results of modern physics. 

Ac Xartter nf ^ hypothesis changes materially 

aracter of particle dynamics As has been stated 

find ?h P™hlem of electrodymanics is to 

!tete rTf ^•^‘■•‘hution of the char^ when the 

totLf To field is known at a given 

c^of asingircTectroTwewreTbleto 

mlVnLr‘‘ TMs'dTpIS 

shape of the electron. V dls^UroTrchtr 
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some mechanism foi maintaining it as an entity. The 
ethci which suppoits clccti omagnetic phenomena also 
prevents the eiuption of the clccti on^ or the foice between 
its elements obeys a law cntiicly dilTcicnt fiom the usual 
elcctiostatic law. To wiite out the equations of motion 
in the moic geneial case wheic laige numbeis of corpuscles 
aie involved would be piactically impossible; but this is a 
statistical oi an avciagc value problem, and leqiiiies oLhci 
methods. In fact, the applicability of the detailed analysis 
of the election theoiy would seem at best to be veiy lim- 
ited whcie intio-atomic foiccs ate involved though it is 
known that the Piiestley oi Coulomb law holds down to a 
veiy small fi action of a centimeter. In the study of the 
atom, a micioscopic analysis is avoided and only observable 
magnitudes cntci the quantum mechanical analysis of this 
important pioblcm of modem physics. 
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